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Abstract. The aim of this article is to introduce invariants of oriented, smooth, 
closed fom-manifolds, built using the Floer homology theories defined in [8] and [12]. 
This four-dimensional theory also endows the corresponding three-dimensional theo- 
ries with additional structure: an absolute grading of certain of its Floer homology 
groups. The cornerstone of these constructions is the study of holomorphic disks in 
the symmetric products of Riemann surfaces. 



1. Introduction 

In the first part of the paper, which comprises Sections 3-6, we set up the invariant of 
a cobordism between two three-manifolds, which gives a map between Floer homologies. 
In a related construction given in Section 7, we define an absolute Q lift of the relative Z- 
graded homology groups associated to a three-manifold equipped with a torsion Spin*^ 
structure (by which we mean a Spin'^ structure whose first Chern class is a torsion 
cohomology class). In Section 8, we define a refined mixed cobordism invariant which 
readily gives a smooth four-manifold invariant (defined in Section 9) for closed four- 
manifolds X with 6^(X) > 1. We turn now to a more detailed overview. 

1.1. Invariants of cobordisms. In [8] and [12], we defined Floer homology theories 
for oriented three-manifolds equipped with Spin'^ structures, HF~{Y,t), HF°°{Y,t), 
and HF^{Y, t). (There is a fourth invariant, HF{Y, t), which we will not discuss in this 
introduction.) These invariants fit into a long exact sequence 

... > HF-{Y,t) — ^ HF°^{Y,t) HF+{Y,t) ... 

We abbreviate this long exact sequence HF°{Y,t). (A rapid overview of the general 
properties of these constructions, together with a proof of their topological invariance 
in a stronger form, is given in Section 2.) Recall that there is another associated three- 
manifold invariant, denoted 

i/F+,(y,5) = Coker(7r) = Ker(0 = ifF,;,(r,s). 

The isomorphism between HF^^{Y,s) = HF^^(Y,s) is induced by the coboundary 
map. 
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In the first part of tlie paper, we construct the invariant of a connected cobordism W 
between two connected three-manifolds Yi and Y2, defined using the holomorphic trian- 
gle construction and a handle-decomposition of W. Specifically, these constructions give 
rise to a chain map between the chain complexes from Yi to Y2, whose induced maps on 
homology are invariants of W (i.e. they are independent of the handle decomposition). 

Theorem 1.1. The maps on homology induced by a smooth, oriented cobordism W 
equipped with a Spin"^ structure s G Spin"^(VF) are invariants of the cobordism, inducing 
a map of long exact sequences: 

... > HF-{Y^,ti) HF'^{Y,,t,) HF+{Y^,ti) > ... 



poo 



... > HF-{Y2, 12) HF°°{Y2,i2) HF+{Y2,i2) > 

(where tj e Spin'^(Fj) denotes the restriction of $ to Y^), where the vertical maps are 
uniquely determined up to an overall sign, and all squares are commutative. 

The map on long exact sequences induced by the cobordism W and Spin^ structure 
s is abbreviated F^^. Various refinements of the above map, including one using the 
action of first the homology of W , and one using twisted coefficients, can be found in 
Section 3. 

The maps satisfy certain general properties: duality, conjugation invariance, a blow- 
up formula, and composition properties. The duality property relates the map induced 
by Fw,S) thought of as a cobordism from Yi to Y2, with the induced map obtained by 
thinking of as a cobordism from —Y2 to —Yi. Conjugation invariance sets up an 
identification between the map induced by W and the Spin'^ structure s with the same 
cobordism, equipped with its conjugate Spin^ structure s. The blow-up formula relates 
the map induced by W , with that induced by the (internal) connected sum of W with 
CP (the complex projective plane, given the opposite of its complex orientation). 

The composition law states that if Wi is a cobordism from Yi to Y2 and W2 is a 
cobordism from Y2 to Y3, and we equip Wi and W2 with Spin'^ structures Si and S2 
respectively (whose restrictions agree over Y2), then we have the following relationship 
between the composition of F-^^^g^ with Fw^^s^j the maps induced by the composite 
cobordism W — Wi4j^Y2^2'- 

{s6Spin= ( W^) I s| W^i =si ,s| W2=S2 } 

All of these properties (and various refinements) are stated precisely in Section 3. The 
invariants are constructed in Section 4, and the properties are verified in Sections 4-6. 

1.2. Absolute gradings. The principles used in construction of the cobordism invari- 
ant also allow us to define an absolute Q-hft of the relative Z-gradings of the Floer 
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homology groups HF°(Y, t) for a three- manifold Y equipped with a torsion Spin'^ struc- 
ture t. This lift is constructed in Section 7. 

The relationship between the cobordism invariant and this absolute grading is codified 
in the following formula, which holds for any cobordism W from yi to 12, equipped with 
a Spin'^ structure s whose restriction to the two boundary components ti and t2 are both 
torsion: 

(where ^ e i?F+(^,ti) is any homogeneous cohomology class, and gr denotes the abso- 
lute Q degree). 

1.3. Closed four-manifold inveiriants. There is a variant of the cobordism invariant 

which can be defined for cobordisms W with > 1. 

Observe first that if is a cobordism with 6^(1^) > 0, then the map induced 
on HF°° is trivial (c.f. Lemma 8.2). If we have a cobordism with 6^(W^) > 1, then we 
can cut W along a three- manifold N, to divide it into two cobordisms Wi and 1^2, both 
of which have b^iWi) > 0, in such a way that the map induced by restriction 

Spin^(iy) — > Spin^iWi) x Spm''{W2) 

is injective (i.e. SH^{Y; Z) C H'^{W) is trivial). In view of these remarks, if s is a Spin"^ 
structure and Si and 52 denote its restriction to Wi and 1^2 respectively, then 

F-^^^^:HF-{Y„i,)^HF-{N,i) 

factors through the inclusion of HF^'^^{N, t) HF^{N, t), while 

F+^^,^:/7F+(iV,t)^i/F+(F2,t2) 

factors through the projection HF~^{N, t) — > HF^^{N, t). Thus, by using the identifi- 
cation of HF^^{N, t) = HF~^{N, t) in the middle, we can define the "mixed invariant" 
as a map 

F-J: HF-(Y,,i,) HF+(Y,,i,). 

When X is a closed four-manifold with 6^(X) > 0, we can puncture it in two points, 
and view the resulting object as a cobordism from to S^. By elaborating on the 
mixed invariant construction in Section 9, we obtain a map 

Z[U]®A*{Hi{X;Z)/Tors) — > Z, 

which is a homogeneous polynomial of degree 

c^{sr-{2x{X) + 3a{X)) 
d{s) = ^ , 

and well-defined up to sign. 

It is, of course, interesting to compare this invariant with the Seiberg-Witten invari- 
ant [13]. Indeed, we formulate the following: 
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Conjecture 1.2. Let X be a closed, oriented, smooth four-manifold with > 1. 

Then, the invariant ^x,s agrees with the Seiberg- Witten invariant for X in the Spin'^ 
structure s. 

The invariant $ can be used to give more directly topological "gauge-theory free" 
proofs of some facts about smooth four-manifolds which have been previously estab- 
lished by means of Donaldson polynomials and Seiberg- Witten invariants. We return to 
calculations of $ in [11], and its non- vanishing properties for symplectic manifolds, after 
calculating HF^ for a number of three-manifolds in [10]. These calculations are based 
on the surgery long exact sequences from [12], combined with the absolute Q grading 
defined in the present article. We content ourselves here with some general properties 
and vanishing results, all of which have natural analogues in Seiberg- Witten theory. 

1.4. Basic properties of the closed invariant. The following is an analogue of 
Donaldson's connected sum theorem for his polynomial invariants [2] . Unlike its gauge- 
theoretic counterpart, the result follows rather directly from the definition of the invari- 
ants. 

Theorem 1.3. LetXi andX2 be a pair of smooth, oriented four-manifolds with b2{Xi), 
fe^(X2) > 0. Then, the invariants ^x,e for the connected sum X — Xi^X2 vanish iden- 
tically, for all Spin'^ structures. 

The blow-up formula for the cobordism invariant translates directly into a corre- 
sponding blow-up formula for ^x,s (compare [3]): 

Theorem 1.4. Let X be a closed, smooth, four-manifold with &2^(X) > 1, and let X — 

X^CF be its blowup. Then, for each Spin'^ structure's G Spin'^(X), with d{X,'s) > 
we have the relation 

where s is the Spin'^ structure over X which agrees over X — with the restriction of 
s, ^ G Z[f/] ® A*(i/i(X)/Tors) is any element of degree d{X,s), and i is determined by 
{ci(s), [E]) = ±{2£ + 1), where E G X is the exceptional sphere. 

For thrcc-manifolds. Theorem 8.1 of [12] gives bounds on the Thurston norm in 
terms the first Chern classes of Spin'^ structures for which HF~^ is non-trivial. These 
"adjunction inequalities" have a straightforward generalization in the four-dimensional 
context (compare [6], [7], [9]). 

Theorem 1.5. Let (Z X be a homologically non-trivial embedded surface with genus 
g > 1 and with non-negative self-intersection number. Then, for each Spin*^ structure 
s e Spin'^(X) for which ^x,e ^ 0, we have that 

(ci(5),[E]) + [E]-[E] <2^-2. 
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2. Preliminaries on Floer homology groups and holomorphic triangles 

The aim of the present section is to collect some of the basic properties of the three- 
manifold invariants introduced in [8] and [12], and to establish their topological invari- 
ance in a form which will be useful to us in the subsequent sections. After stating 
this result, a naturality result for the isomorphism induced by a diffeomorphism, we 
turn to a general discussion of the maps between the homology groups, as given using 
Heegaard triples: recalling the four-dimensional interpretation of Heegaard triples in 
Subsection 2.2 (compare Section 6.1 of [12] for a more detailed discussion), and then 
in Subsection 2.3 stating the basic properties of the induced maps. After recalling the 
calculations of the Floer homology of #"(5"^ x S^), which is basic to much of the present 
theory, we return to a proof of the naturality result in Subsection 2.5. 

2.1. Floer homology groups. To fix terminology, a set of attaching circles ex = 
{ai, ag} in a genus g surface E is a ^f-tuple of pairwise disjoint, simple, closed curves 
in E whose homology classes are linearly independent in i?i(E;Z). A set of attaching 
circles gives rise to a (jf-dimensional torus = ai x ... x inside the g-fo\d symmetric 
product of E, Sym^(E). A pointed Heegaard diagram is a collection (E,a,/3, 2;) where 
E is an oriented two-manifold, a and /3 are sets of attaching circles in E, and z is a. 
fixed reference point in E which is disjoint from all of the attaching circles. A Heegaard 
diagram (E, a, (3) specifies an oriented three-manifold F in a natural way. 

In fact, given an oriented three-manifold equipped with a metric and a self-indexing 
Morse function with unique index zero and three critical points, there is an induced 
Heegaard diagram for Y for which the mid-level set is the Heegaard surface, points lying 
on ai (for any i — 1, ...,g) are the points in the mid-level which flow out of the index 
one critical points under upward gradient flow, and points lying on the f3j arc points in 
the mid-level which flow into the index two critical points. We say that two Heegaard 
diagrams are equivalent if they are associated to two different such Morse functions 
(and metrics) on the same three-manifold. If two Heegaard diagrams are equivalent, 
they can be connected by a sequence of isotopies, handleslides, and stabilizations ^ As 
described in [8], the basepoint z in the pointed Heegaard diagram induces a map from 
intersection points of the tori and Tg in Sym^(E) to Spin'^ structures over Y. 

Suppose y is a three-manifold, equipped with a fixed Spin'^ structure t. To a pointed 
Heegaard diagram (E, a, /3, z) for Y (which satisfy certain additional admissibility hy- 
potheses when bi(Y) > 0, which we will recall shortly) wc can associate four chain 
complexes. These complexes are CF{oi, f3,t), which is freely generated by intersec- 
tion points between and representing the Spin'^ structure t, CF°°(a,/3, t), which 



^For us, stabilization means introducing a pair of canceling a- and /^-curves which are supported in in 
a torus connected summand of the Heegaard surface. It is easy to see that more general stabilizations - 
where the canceling curves are allowed to wander over S - differ from such stabilizations by a sequence 
of handleslides. 
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is freely generated by pairs consisting of such intersection and an integer, a subcom- 
plex C-F~(a,/3,t) where the integer is required to be negative, and a quotient complex 
CF+(q:,/3, t). The boundary maps are defined by counting pseudo-holomorphic Whit- 
ney disks in Sym^(E), and so the definition of the boundary maps use some auxiliary 
data, including a complex structure over E, and a one-parameter variation in the in- 
duced almost-complex structure over Sym^(S), which we suppress from the notation for 
the chain complex (indeed, as we have suppressed the surface S and its basepoint z). 
Each of CF°^{oL, /3, t), CF~{ol, f3, t) and CF+(a, /3, t) comes equipped with the action 
of a chain map U which is induced from the map C/[x, i] = [x, i — 1] on CF°°(a,/3, t) 
which decreases the (relative) grading by two. 

Recall that when bi{Y) > 0. we work with Heegaard diagrams satisfying additional 
"admissibility" hypotheses. To state these hypotheses, note that the two-dimensional 
homology classes in Y can be thought of as two-chains in E whose local multiplicity 
at the reference point z is zero, and whose boundary can be represented as a linear 
combination of cycles representing elements of the a and the f3. Such two-chains are 
called periodic domains. A Heegaard diagram is strongly t-admissible for the Spin"^ 
structure t if for each (non-trivial) periodic domain V for which (ci(t), H{V)) = 2n > 0, 
some local multiplicity in V is greater than n. When we consider CF~(a, /3,t) and 
CF°°{oi, f3,t), we will always be using strongly t-admissible Heegaard diagrams. When 
working with CF{cx., /3, t) and CF^{a, /3, t), it suffices to work with weakly t-admissible 
Heegaard diagrams which are those for which each non-trivial periodic domain V with 
(ci(t), H{V)) — has both positive and negative coefficients. Every Heegaard diagram 
for Y is isotopic to a strongly t-admissible Heegaard diagram (see Section 5 of [12]). 

It is shown in [8] and [12] that homology groups of these chain complexes - HF{Y, t), 
HF°°{Y,t), HF~{Y,t), and HF~^{Y,t) - are topological invariants; where the latter 
three graded groups are thought of as Z[U] modules. (In particular, they are inde- 
pendent of the complex structure over E, the path of almost-complex structures over 
Sym^(E), and the Heegaard diagrams used in their definition.) 

When bi(Y) > 0, these groups have some extra structure. First of all, the groups 
themselves depend on an additional choice of a coherent orientation system, but there 
is a canonical such orientation system fixed in Theorem 11.3 of [12], so that is the one 
we will use (unless otherwise specified). Second, there is an action by the exterior al- 
gebra A*Hi{Y; Z)/Tors, graded so that Hi(Y; Z)/Tors decreases degree by one. Third, 
there are variants of these homology groups, but with coefficients twisted by an arbi- 
trary Z[H\Y; Z)]-module M, denoted HF{Y, t, M), HF-{Y, t, M), HF^(Y, t, M), and 
HF^(Y,t. M). These are all modules over the group-ring Z[if^(F;Z)]. (When M is 
not the trivial module Z over 7j[H^[Y; Z)], the corresponding Floer modules no longer 
support an action by A*i7i(F; Z)/Tors.) 
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There are two natural long exact sequences whose existence is guaranteed immediately 
from the definitions of these groups 



(1) 
and 

(2) 



HF{Y,t) 



HF-{Y,t) 



HF+{Y, t) 



HF'^{Y,{) 



HF+{Y,t) 



HF+{Y,i) 



(with analogues in the twisted case, as well). 

Sometimes, we abbreviate these long exact sequences simply by HF°{Y,i). Both 
long exact sequences are also topological invariants of Y. We make this topological 
invariance statement more precise, by organizing the results from [8] and [12] to prove 
the following: 

Theorem 2.1. //(S, a, f3, z) and (S', ck', /3', z') are equivalent Heegaard diagrams which 
are strongly admissible for the Spin'^ structure t, then there are induced isomorphisms 
of corresponding long exact sequences: 



HF-{cc,(3,i) 



HF-{cx',(3',t) 



HF^{a,^,i) 



HF°°{cx',f3',t) 



HF+{cx,P,t) 



i/F+(a',/3',t) 



(i.e. where each square commutes), where the vertical maps commute with the actions 
o/Z[C/] A*(//i(y;Z)/Tors); and also 



/7F(a,At) 



HF{cx',f3',t) 



HF+{a,P,t) 
HF+(cx',(3',i) 



u 



U' 



HF+{a,^,t) 



HF+{oc',(3',t) 



which commutes with the action of A* {Hi{Y;'Z) /Tors). Moreover, the maps "if, "if , 
and 'if'^ are uniquely determined up to an overall factor o/±l. 

We return to a proof of Theorem 2.1 in Subsection 2.5. (See also a twisted version in 
Subsection 2.6.) 

A pointed Heegaard triple (S, a, f3, 7, z) is defined using three sets of attaching circles 
a, /3, and 7, with a reference point z E T, disjoint from all these attaching circles. By 
counting holomorphic triangles in Sym^(E) with boundary conditions specified by the 
three subspaces Tq,, Tp, and T^, we get maps between tensor products of Floer homology 
groups. On the other hand, the Heegaard triple and the homotopy classes of triangles 
both can be interpreted in terms of four-dimensional data. We briefiy digress to recall 
this four-dimensional interpretation (referring the reader to Section 6 of [12] for more 
details) . 
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2.2. Homotopy classes of triangles, and Spin'^ structures on four-manifolds. 

Given a pointed Heegaard triple we have three (yf-dimensional tori = ai x ...Og, 
T/3 = /3i X ... X /3g and = 71 x ...jg which are embedded in the (7- fold symmetric 
product of E, Sym»(E). 

Clearly, the Heegaard triple specifies three three- manifolds Va,/?, Xs,7' ^",7 with 
Heegaard diagrams given by using the corresponding pairs of (^-tuples of attaching 
circles. Indeed, the Heegaard triple specifies a four-manifold ^a,/3,7 which bounds these 
three three-manifolds. We recall the construction presently. 

Let A denote the two-simplex, with vertices Va,Vf^,v^ labeled clockwise, and let 
denote the edge Vj to Vk, where {i,j,k} — {a,(3,j}. Then, we form the identification 
space 

^ ^ (A X S) U (eg X U^) U (e^ x U^) ]} (e^ x U^) 

"'^'^ {ca X E) ~ (ca x dUa) , (c^ X E) ~ {cp X dU/s) , (e^ X E) ~ (e^ x dU^) ' 

Over the vertices of A, this space has corners, which can be naturally smoothed out 
to obtain a smooth, oriented, four-dimensional cobordism between the three-manifolds 
^a,/3, ^/3,7, and Fa,7 as claimed. Indeed, under the natural orientation conventions 
implicit in the above description. 

Recall that the two-dimensional homology of X corresponds to the set of triply- 
periodic domains for the Heegaard triples - these are two-chains in E (which can be rep- 
resented by maps $ : F — > E where F is a two-dimensional manifold- with-boundary) 
with multiplicity zero at the reference point z, and whose boundaries are linear combi- 
nations of curves appearing in the tuples a, 13, and 7. Such chains in turn correspond 
uniquely to the integer relations they give amongst the homology classes coming from 
the a, /3, and 7. Given such a two-chain in E, the associated homology class H{V) 
in H2{X; Z) can be concretely thought of as follows. We can extend F — )■ E, to a 
map 

$: F — ^ X, 

by viewing $ as a map into some copy of E times an interior point x & A, and then 
attaching cylinders connecting dF to a collection ofa,f3, and 7-circles occuring in copies 
of E on the a, j3 and 7-edges of A x E. Then, we cap off these boundary components 
in the corresponding Ua, Up and Uy handlebodies, to get a map from a closed surface 
into X. This closed surface represents the homology class H[V). 

Fix intersection points x e T^^ fl T^, y e fl T^, w e T^^ fl T^. A map 

u: A — > Sym^(E) 

with the boundary conditions that u{v^) = x, u{va) = y, and ^(v/j) = w, and u{ea) C 
Ta, u{ep) C T^, u{e-y) C is called a Whitney triangle connecting x, and w. There 



10 



PETER OZSVATH AND ZOLTAN SZABO 



is a naturally defined map 

e: (T« n T^) x (T^ n T^) x (T« n T^) — > Hi{X] Z) 

with the property that e(x, y , w) = if and only if there is a Whitney triangle connecting 
X, y, and w. Two Whitney triangles are said to be homotopic if the maps are homotopic 
through maps which are all Whitney triangles. For fixed x, y, and w, let 7r2(x, y,w) 
denote the space of homotopy classes of Whitney triangles connecting x, y, and w. Any 
two elements of this space 7r2(x, y, w) have a naturally associated difference, which is 
a periodic domain (after we subtract off a sufficient multiple of E). When g > I, this 
sets up an affine isomorphism, whenever 7r2(x, y, w) is non-empty, 

7r2(x, y, w) ^ Z © H2{X^,(3,^] Z), 

where the first factor is given by the local multiplicity at the reference point z. When 
g = 1, and 7r2(x, y, w) is non-empty, then there is an isomorphism 

7r2(x,y,w)^i/2(^a,/3,7;Z)- 

As explained in Section 6 of [12], a Whitney triangle can be used to construct a 
singular two-plane field in X whose underlying Spin*^ structure is independent of the 
choices made in its construction, giving rise to a map 

Sz- 7r2(x,y,w) — > Spm^{X), 

where Sz(V') restricts to Sz(x), Sz(y), and Sz(w) at the three boundary components. 
There is a splicing map 

7r2(x,y,w) X 7r2(x',x) x 7r2(y',y) x 7r2(w,w') — > 7r2(x', y', w'), 

which we denote simply by addition. We have the following result from [12]: 

Lemma 2.2. Fixx, x' G TcflT^, y^y' ^ T^HT^, and y.y' G T^flT^,. Two homotopy 
classes G 7r2(x, y, v) and ip' G 7r2(x', y', v') induce the same Spin'^ structure if and 
only if there are homotopy classes 0i G 7r2(x',x), 02 G '^2{y',y), and 03 G 7r2(v, v') with 

1p' = 1p + (pl + (f)2 + 03- 

2.3. Holomorphic triangles. We recall the maps induced by the holomorphic triangle 
construction. Except, of course, for the interpretation of Whitney triangles using four- 
manifolds, the results we recall here are modeled on corresponding constructions in 
Lagrangian Floer homology. 

We begin with a Heegaard triple (E, a, /3, 7, z), and fix a Spin*^ structure 5 over Xa,i3,'y 
Under suitable admissibility hypotheses, there are chain maps: 

r(-,5): CF°(a,/3,5a,/3)®CF^°(/3,7,W ^C'F°(a,7,5a,7), 
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where 5^ is the restriction of 5 to Y^^^i and where CF-^ = CF~ is the chain complex 
generated by pairs [x, j] with j < 0, given by the formula: 

r([x,i]®[y,j];5)= H (#M(V'))-[w,i+i-n,(V')], 

weT„ hTt, ^^^^^ I (^)=^_^(^)=o} 

where A4{ip) denotes the moduli space of pseudo-holomorphic triangles in the homotopy 
class ip, and //(V') denotes its expected dimension. There is also a variant 

defined analogously. 

The admissibility hypothesis relevant for the above maps is the s-strong admissibility 
for the Heegaard triple (Definition 6.8 of [12]). Specifically, we require that for each 
non-trivial triply-periodic domain which can be written as a sum of doubly-periodic 
domains 

with the property that 

we have some local multiplicity of V which is strictly greater than n. 

Before stating the relevant invariance properties of these constructions, we recall some 
of the notation involved for isotopies. In Section 5 of [12], we achieved admissibility 
by using special isotopies - isotopies which never cross the basepoint and which are 
realized as exact Hamiltonian isotopies in E. Now, if (E,a,/3, z) and (E,a',/3, 2;) are 
strongly 5-admissible Heegaard diagrams, and there is a special isotopy connecting a 
to a', then the special isotopy induces an isomorphism 

r«,,«;^: HF°{cx,f3,s) HF°{a',(3,s) 

defined by counting holomorphic disks with time-dependent boundary conditions; sim- 
ilarly, a special isotopy from /3 to /3' induces an isomorphism 

r^.f,,fs>: HF°{a,f3,5) HF°{a,(3',5) 

Theorem 2.3. Suppose that (E, a, /3, 7, z) is an admissible Heegaard triple for the 
Spin'^ structure s. Then, the induced maps on homology 

F°(-,s): i/F°(a,ASa,/3) 7,5/3,7) ^^^°K7,Sa,7), 

satisfy the following properties. 

• F°{-,s) is independent of the choices of complex structures and perturbations used 
in the definition of the moduli spaces of triangles. 

• F°{-,s) commutes with the action by Z[C/]. 
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• F°{-,s) is invariant under special isotopies, in the sense that if 
V^,p,p,: HF°(cx,(3,Sa,/3) HF°(a, (3' ,Sa,/3') 

and 

ra',a-f3: HF°{cx,(3,Sa,p) HF°{cx',(3,Sa',/3) 
(where Sa,/3' — '^a,/3 —Sa',/3 denotes the restrictions of s to the boundary component) 
are the isomorphisms induced by some isotopies from the a to the a.' , and /3 to 
(3' , then the following diagrams commute: 

HF%CX,^,Sa,/3)®HF^\^,^,Sp,^) HF°{cX,^,Sa,-y) 



and 



HF°{cx',l3,Sa,p)®HF^'{/3,-f,5p,,) HF°{a',-f,Sa,,) 
//F°(a,/3,5,,^)®i7F^0(/3,7,5^,^) HF°{cx,j) 



Id 



//F°(a,/3',s,,^0®^^-°(/3',7,V,7) HF%a,j). 

The proof can be found in [12]: the existence is shown in Theorem 6.12 of [12]; inde- 
pendence of complex structures and isotopy invariance are respectively Propositions 6.13 
and 6.14 from that paper. 

The holomorphic triangle construction also satisfies an associativity property which 
we state separately. For the associativity, we use pointed Heegaard quadruples 

(3) (S,a,/3,7,<5,2;), 

to which we can associate a four-manifold Xa^/s^j^s defined using a square rather than a 
triangle. We assume that the four-manifold Xa,i3,'y,s satisfies the additional hypothesis 
that 

(4) SH\Y^,s)\Yc,,^ = and 5H\Y^,^)\Yf,,s = 0. 

In this case, one can formulate a strong admissibility hypothesis, which depends on a 
5H^{Yf^^s) + SH^{Ya^^)-orhit 6 of a Spin'^ structure in Spm^{Xa,i3,^^s) (see Section 6.3.1 
of [12] for the definition). The topological hypotheses guarantee that strong 5-admissibility 
can always be achieved for a Heegaard quadruple. 

Remcirk 2.4. The topological hypothesis of Equation (3) is automatically satisfied if 
in our Heegaard quadruple, there are two consecutive g-tuples of circles which span the 
same subspace o/ifi(E; Z). For instance, if the subspaces spanned by 7 and 6 coincide, 
then we can express each {(3, S)-periodic domain as a sum of (7, 6) and {(3,'^) -periodic 
domains (which ensures that SH^lY^ s) — 0; and similarly, {a, ^) -periodic domains can 
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be expressed as a sum of (7, 5)- and {d, ot) -periodic domains. In fact, this guarantees 
that SH\Yp,s) + SH\Y^,^) = 0. 

Theorem 2.5. Let (E, ck, /3, 7, <5, be a pointed Heegaard quadruple which is strongly 
&-admissible, where & is a 5i7^(Yg,5) + 5H^{Yo,,-^)-orbit in Spin'^(XQ,^^^^^5). Then, we 
have 

see 

see 

where £ HF°{ol, f3,Sa,p), Op^j and 9j^s iiT- HF-^{f3,'y,Sp^j) and HF-^{^,5,s-y^s) 
respectively. 

The above is a special case of Theorem 6.15 of [12]. 

There is a variant of the chain maps Fa,(),'y which incorporates an action of the first 
homology of Xa,p,^. 

First of all, we claim that the map 

W Ypa II ^"-,7; Z)/Tors Z)/Tors 

is surjective. Given h e i7i(XQ,^^^^; Z)/Tors, we let 

{Kfi-, hf),^, ha,j) e Hi{Ya^^ ]J Yg,^ ]J Y^^Y, Z)/Tors 

be an element which maps to it. We then define 

^aV(^®^«./3®^/3,7) = 

where the actions on the right-hand-side all represent the actions of Hi of the three- 
manifolds on their corresponding Floer groups. 

Lemma 2.6. The action defined in Equation (5) induces a map 

5) : A* (i/i(X„,^,7; Z)/Tors)®i/F°(a, (3, s^,p)®HF^\l3, 7, 5^3,,) HF%cx, 7, So.,,). 

Proof. Let X — Xa,p,'y. We have natural isomorphisms 

Hi{Y^,fs) /Tors ^ Rom{H2{Y^,fs),Z) 
Hi{X)/Tors ^ Rom{H^{X,dX),Z), 

where all homology groups above (and throughout this proof) are understood to use 
integral coefficients. Recall that H3{X) = 0, and H2{X) has no torsion. Thus, we can 
duahze a portion of the Mayer- Vietoris sequence for the pair {X, dX) to give: 

Hom(//2W,Z) > Hom(//2(9X),Z) > }loui{H^{X,dX),'L) > 0, 
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in particular establishing surjectivity of the map on ifi/Tors. 

We must now verify that the action by {ha,i3, ^^,7, ^0,7) is trivial on the image of 
}iom{H2{X) , Tj) . Now, we have identifications: 

Rom{H2{Y^,p),Z) = H\i:^)(BH\Tp)/H\SYm<^{J:)) 

Hom(iJ2 W, = H\T^) © H\Tp) © H\T^)/H\Sjm^{J:)). 

In particular, those elements of B.om{H2{dX),Z) which come from }lom{H2{X) , Z) can 
be represented by three constraints, one in each of H^{Ta), H^{Tfs), and H^{T^). By 
pushing the constraints out to the ends of the triangles as in Proposition 6.16 of [12], it 
follows that the action triples (/Iq,,/?, /i/3,7, ha^-y) coming from }ioTa{H2{X) , Z) is trivial. 

We have just seen how A^{Hi{X) /Tots) acts. This extends to an action of the full 
exterior algebra: this follows from the corresponding fact for the Floer homologies 
themselves. Similarly, independence of the action from the auxiliary data (paths of 
complex structures, isotopies, etc.) follows from the corresponding facts for the three 
bounding three-manifolds, as well. □ 

2.4. Preliminaries on #"(5'^ x S'^). Let Sq be the Spin^ structure over jf-^S^ x S'^) 
whose first Chern class vanishes. It is implicit in Section 5 of [8], and spelled out in 
Section 7.4 of [12] that 

HF+i^^'iS^ X S^),So) = A*H\#''{S^ X S^);Z) ®^Z[U-\ 
HF-i^'^iS^ X S^),5o) = A*H\#''{S^ X S^);Z) ®z Z[U] 

where has grading 2. 

In particular, there is a "top-dimensional" homology group of HF[^"'[S^ x S"^)), 
which is isomorphic to Z; let 0„ denote one of its generators. The image of this 
element in HF~^{j^"{S^ x S^)) is denoted 0+. A generator for the top-dimensional 
homology group of HF-{ij^-^{S^ x S^),So) C HF^^ii^'^iS^ x S^),So) is denoted 6", 
while a generator for the top-dimensional homology group of HF-^{^'^{S^ x S'^)) is 
denoted ©„. We drop the subscript n when it is clear from the context. Observe that 
all these elements are uniquely specified up to sign. 

Definition 2.7. Let (E, oc, (3, z) he a Heegaard diagram for ^"'(S'^xS^) which is strongly 
admissible for Sq, the Spin'^ structure whose first Chern class vanishes. We call an in- 
tersection point X e Tq, n maximal if 5z{'x) = Sq and the relative grading of x 
(thought of as an element of CF{^"'{S^ x S^))) agrees with the relative grading of 
e„ e HFi^'^iS^ X S^)). 

We can identify explicit representatives for the generators of x S'^),So), 

as follows. 
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Definition 2.8. Consider the pointed Heegaard diagram 

(J:, {ai, an}, Pn}, z), 

where E is an oriented two-manifold of genus n; ai is a small isotopic translate of Pi (via 
an isotopy supported in the complement of the basepoint z ), meeting it in two canceling 
transverse intersection points. This Heegaard diagram is called a standard Heegaard 
diagram for x 5"^). 

For a standard Heegaard decomposition of {S"^ x S^), the tori fl meet in 2" 
intersection points, corresponding to the generators of 

HFi^'^iS^ X S^),So) = A*i/^(#"(-5^ X S^);Z). 
In particular, there is a unique maximal intersection point, inducing a representative of 

On. 

2.5. Proof of Naturality. We now turn to a proof of Theorem 2.1. 

Definition 2.9. Two Heegaard diagrams are said to be strongly equivalent if they differ 
by a sequence of isotopies and handleslides. 

Lemma 2.10. Let {Ili,(Xi, I3i, zi) and (S2, 0:2, /32! -22) be two equivalent Heegaard dia- 
grams, then both can be stabilized to give Heegaard diagrams (E'^, cx'i,/3'i, z'l) and (Eg, 0:2, /3 
which are strongly equivalent. 



Proof. According to Proposition 2.1 of [8], it follows that {Hi, oci, zi) and 
(E2, a2, /32, ^2) can be connected by a sequence of Heegaard moves. 

We claim that isotopies commute with stabilizations, in the following sense. Sup- 
pose that one can get from (E, a, /3, z) to (E', a', /3', z') by a sequence of isotopies and 
handleshdes followed by stabilizations, then one can also get from the first Heegaard 
diagram by first a sequence of stabihzations, followed by isotopies and handleslides. 
This follows from the simple observation that it is equivalent to either 

• isotope some a.; (rcsp. f3i) across a point w and then stabilize at w, 

• or to first stabilize at w and then handleslide ctj (resp. j3i) twice over the newly 
introduced ag (resp. Pg). 

In this way, stabilizations can be moved before isotopies and handleslides. They can 
also be moved before destabilizations: destabilizing a canceling pair of curves ag and 
Pg, and then stabilizing at some point w is the same as first stabilizing at w and then 
destabilizing the original pair of curves. 

Thus, we can commute all stabilizations to the beginning of the sequence of moves, 
and all destabihzations to the end. This is equivalent to the assertion made in the 
lemma. □ 
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Recall (c.f. Section 4 of [8], see especially Theorem 4.9) that the Floer homology 
groups depend on a choice of complex structure j, and a generic path Js dU oi pertur- 
bations of the induced complex structure over Sym^(S), where W is a contractible set 
of almost-complex structures, defined in [8] . 

Lemma 2.11. Fix two different choices (j, Js) and (j', J^) ^/ complex structures and 
perturbations. Then, the induced isomorphism between Floer homologies 

HFl{a,(3,s)^HF°,{a,(3,s) 

are canonical, i.e. independent of paths connecting Js and J'^. 

Proof. First, we suppose that j = j', writing Jg = Js(0) and J'g = Js(l). We can 
connect Js{0) and Js(l) by a one-parameter family Jg t as in the proof of Theorem 4.9 
of [8] to construct a chain homotopy equivalence 

In fact, we claim that the induced map on homology by is actually independent 
of the path of paths Jg^t used in its definition (i.e. depending only on its endpoints). 
Since U is contractible, any two such paths Js,t(0) and Js,t{^) can be connected by a 
homotopy Js,t,T- We use this homotopy to define a map 

y {</>e7r2(x,y)|/i(<^)=-l} 

which lowers degree by 1. Now, counting the ends of the moduli spaces A4j^ ^ .^{il!) with 
= 0, we see that HJ^^^ provides a chain homotopy between ^^^^ and ^^^y 
Since respects the filtration induced by n^, the analogous results hold for CF"^ 
as well. 

The boundary maps are invariant under small perturbations (provided that the per- 
turbations still give energy bounds), so - in view of the fact that the space of complex 
structures j over E is contractible - it follows also that the chain complexes are natu- 
rally identified as j is varied, as well. (Observe here that a codimension two subset of 
complex structures was removed from consideration in [8] to avoid difficulties occurring 
in moduli spaces with Maslov index two, but these do not arise in the definition of the 
boundary maps.) □ 

Suppose now that (E, oti, (3^, z) and (E, 0:2, /^a, ;i;) are strongly equivalent Heegaard 
diagrams both of which are admissible for s. Following Section 5 of [12] , we can construct 
another pointed Heegaard diagram {T,, (x[, (3[, z) so that: 

• the curves (x[ and (3[ are connected to ai and /3i respectively by special isotopies 

• the Heegaard quadruple (E, a[, (3[, CX2, /Sg, z) is strongly admissible, for the unique 
Spin*^ structure over Xa[,/3[,a2,f32 whose restriction to {12, ot'i, f32, z) = y is 5 and 
whose restriction to (S, a[, CKa, z) = (S, (3[, (3^, z) = #^(,5^ x S"^) is 5o- 



HOLOMORPHIC TRIANGLES AND FOUR-MANIFOLD INVARIANTS 



17 



We have an isomorphism induced by the special isotopies 

defined by counting holomorphic disks with time-dependent boundary conditions (anal- 
ogous to those maps Ta',a:i3 discussed earlier, only now we use time-dependent boundary 
conditions on both boundaries of the strip). We define the strong equivalence map $ 
to be the composite 

CF {oci,f3i,5) > CF {ai,f3i,5) > CF (a2,/32,-S)' 

where the last map is shorthand for the map 

where 

F:„a'„pr- CF^\cx,,ct[,So)^CF°{cx[,f3[,s) C F° [cx^, (3\, s) 

is a version of the map associated to holomorphic triangles, where we use CF-^ on the 
first factor (rather than the second, as usual). Of course, the strong equivalence map 
$ depends on the auxiliary Heegaard diagram (E, a'j^, 2;), as well as the isotopies 
connecting oli to ck'^ and to (3\. 

To show that the map induced on homology is independent of the various choices, we 
use some naturality properties of the maps induced by isotopies. 

Lemma 2.12. The maps T are natural under composition of isotopies. Specifically, 
if we fix isotopies from ex. to a! , and isotopies from oc' to a." (which never cross the 
reference point z in a Heegaard diagram (E, a, /3, z) ), then the maps on homology Fo,// q,.^ 
induced by the composite of the two isotopies equals the composition Ta",a';i3 ° ^a',a;/3- 
Similarly, if we have an isotopies of ot to oc' and (3 to 0, then (on homology). 



Proof. This result is a variation on the argument that the Ta-^^p' is an isomorphism on 
homology, as described in Theorem 4.10 of [8] (which in turn is a variation on familiar 
arguments from Floer theory). We focus on the first statement: suppose that ^[ is an 
isotopy from a to a' and is an isotopy from oc' to oc". We consider holomorphic 
disks with time-dependent boundary conditions, given by juxtaposing and with 
a "long gap" in between: i.e. we define a one-parameter family of isotopies 



We can count points in ^'T-time-dependent moduli spaces. Taking the limit as r 1— > 00, 
this can be used to construct the chain homotopy between Ta",a';/3 ° ^a';,a;p and ^a",a;i3 
as required. The other assertions follow similarly. □ 
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Lemma 2.13. Up to sign, the map on homology induced by a strong equivalence 
is well-defined. 

Proof. We must show that $ is independent of the intermediate Heegaard diagram 
and the isotopy. This follows from the following commutative diagram: 

r / ^ ^/ / (8l • 1^0/3/ rj 

HF%a,,f3„,) ^^^^^ HF^ialf3';,B) ^ ^ 

Commutativity of the left-hand square follows from the naturality of the F-maps un- 
der juxtaposition of isotopies (Lemma 2.12 above). Commutativity of the right-hand 
square up to sign follows from the isotopy invariance of the triangle construction (c.f. 
Lemma 6.14 of [12]), together with the observation that 

(6) r^j,/3j';/32(0/3;'A) = ±©/3;A> and ra2;a'{,a[{Qa2,a'{) ^ ±Qa2,a{- 

since both sides of both equations represent generators of a groups which are isomorphic 
to Z. For the reader's convenience, we break the verification of the commutativity of this 
right-hand square down into the following steps, each of which is an application of either 
the isotopy invariance of the triangle construction (the last two commutative diagrams 
in Theorem 2.3), the naturality of the isotopy maps (Lemma 2.12), or Equations (6): 

= ±-^a2,/31./32(r«2;/3i'A(^a2,a'/,/3i'(0a2,a'/ ® ^ a'{ ,a[;l3[,p'^ (0)) ® ,/3;';/32 (^'.fe ) 
= ±-^a2,/31,/32(^a2,a'/,/3j(©"2,«i' ® ^ a'{;fi'{ ,f3[ <=> ^a'l,a[;^[,fS'^iO)) ® Tg/ ^g/z./j^ (O/JJ'a)) 

= ±^a2,/3i,/32(Ca'/A(®"2'"i ® r„'/,«-;3l(0) ® QpiA) 
= ±^a°2,/31,/32 iK2,a[,f^[ i'^ a2;a'( ,a[ {Oa2,a'{) ® ©/^i^) 
= ±^a2AA(^a2,alA(®-."i ® ^ ® %a)- 

(Here, when we go from the second to the third equation, we use a variant of the first 
commutative diagram in Theorem 2.3, only varying 7 rather than a.) □ 



Suppose now that (S"*, a'^, /3'^, 2;) is obtained from {12, ot, f3, z) by a stabilization; i.e. 
we let E be an oriented two- manifold of genus one with a pair ccp+i and (3g^i of embedded 
curves meeting transversally in a single intersection point c, and let = ^#-5', oc^ — 
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a U {ag^i}, and = /3 U {Pg+i}- Then we have defined an isomorphism belonging to 
the stabihzation (c.f. Section 6 of [8]) 

a: HF°{a,(3,s) — > HF°{cx%(3%s), 

which (for appropriately chosen complex structures and perturbations) is given by the 
map which associates to each intersection point x e Sym^(E), the stabilized point 
X X {c} e Sym^+^(S#^). 

If we stabilize two strongly equivalent Heegaard diagrams, the resulting diagrams are 
strongly equivalent, as well. We wish to show that the isomorphism induced by strong 
equivalence commutes with the isomorphism induced by stabilization. To this end, we 
shall employ the gluing theorem for holomorphic triangles. Theorem 10.4 of [12], which 
we state here for convenience: 

Theorem 2.14. Fix a pair of Heegaard diagrams 

{E,oc,(3,-y,z) and {E, ao, (3o,-fo, Zq), 

where E is a Riemann surface of genus one. Consider the connected sum H^E, where 
the connected sum points are near the distinguished points z and zq respectively. Fix 
intersection points x, y, w for the first diagram and a class ip e 7r2(x, y, w), and in- 
tersection points xo, Uq, and Wq for the second, with a triangle ■0o £ '^2{xo,yo,Wo) with 
= fJ'i'ipo) = 0. Suppose moreover that n^„(-?/'o) = 0. Then, for a suitable choice of 
complex structures and perturbations, we have a diffeomorphism of moduli spaces: 

where ip' G vr2(x x XQ.y x y^.w x Wq) is the triangle for T^^E whose domain on the 
Ti-side agrees with V^ip), and whose domain on the E-side agrees with V((il)Q)-\-nz{il])[E]. 

Lemma 2.15. The isomorphism induced by stabilization commutes with that induced 
by equivalence. 



Proof. Let cn'g^i and (3g_^i be small Hamiltonian isotopic translates of ctg+i and (3g+i in 
E. Also, let a'l and (3[ be isotopic translates of the ai and (3i required in the definition 
of chosen so that the isotopies are supported away from the stabilization point. We 
claim then that the following diagram commutes: 



/7F°(ai,/3i) 



,c«i;/3i 



o-i 



,c«f;/3f,/3 



HF°{a[,(3[) 



HF°{a[%^['), 



HF°{a{,l3{) - 

where here af, (31, a^*, and /3^* denote the stabilizations ai U {ttg+i}, f3i U 

a'l U {a^+i}, and (3'i U {/3'g+i} respectively. This follows from the analogue of the gluing 
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theorem for stabilization invariance (Theorem 6.2 of [8]), only using time-dependent 
flow-lines. 

Moreover, we have commutativity of 







HF°{a2,f3,) 



0-2 



This is follows from an application of Theorem 2.14 (see also Lemma 4.7 below). 

Together, these two commutative squares show that stabilization commutes with the 
map associated to strong equivalence. □ 



Proof of Theorem 2.1 Suppose that (Si, cki, /3i, zi) and (S2, 0:2, (^2^ ^2) represent the 
same three-manifold Y , and both are admissible for s G Spin'^(y). Then, we connect 
them as in Lemma 2.10 and define to be the composite of the stabilization isomor- 
phism composed with the equivalence isomorphism, composed with the inverse of the 
final stabilization isomorphism. 

We must argue that the map is independent of the choice of common stabilization 
E'j^ = Now, if E'/ is another intermediate choice, then there is a third stabilization 
E'/' which is obtained by stabihzing both E^ and E'/. The map induced by factoring 
through E'/' agrees by that induced through E'^ (and also E'/) in view of Lemma 2.15. 

Observe that the equivalence isomorphisms are equivariant under the action of 
A*ifi(F, s)/Tors, as was verified in Section 4 of [12]. 

The fact that ^° induces a map of the long exact sequences for HF (Equation (1)) 
is a formal consequence of the fact that the isomorphism induced by isotopies carries 
CF[ct, f3,t) C CF~^{cx., (3,t) to the corresponding CF for the isotopic Heegaard dia- 
gram, together with the fact that the map F~^{-,s) induced by counting holomorphic 
triangles is tZ-equivariant. 

2.6. Twisted coefficients and naturaUty. Let H — H^{Y;Z). There is a Floer 
homology with twisted coefficients, denoted HF °(Y, t), which is a module over the ring 
Z[i7]. We recall the construction briefly. 

Recall that there is always a natural map from 7r2(x, x) to H, which is obtained as 
follows. Each e 7r2(x, x) naturally gives rise to an associated two-chain in E whose 
boundary is a collection of circles among the oc and (3. We can then close off the two- 
chain to give a closed two-cycle in Y by gluing on copies of the attaching disks for the 
handlebodies in the Heegaard diagram for Y. The Poincare dual of this two-cycle is the 
associated element of H^{Y; Z). (When g = 1, this map is an isomorphism, when g > 1, 
it, together with the multiphcity ai z, riz, give a natural identification 7r2(x, x) = Z®if.) 
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Fix a t-admissible Heegaard diagram {Il,cx, f3, z) for Y, and an additive assignment 
in the sense of Section 4.10 of [12], i.e. letting © C fl be the set of intersection 
points X so that = t, we fix a collection of maps: 

A = {A^,y: 7r2(x,y) H\Y;Z)}^,y^e: 

so that: 

• when X = y, A^^ is the canonical map from 712 (x, x) onto H^{Y; Z) defined above 

• /I is compatible with splicing in the sense that if x, y,w G &, then for each 
01 e 7r2(x, y) and 02 £ 7r2(y, w), we have that ^4(01 * ^2) = A{(pi) + A{(p2)- 

We write elements of the group- ring Z[H] as finite sums J2h£H "^h ■ (with n/j e Z). 
Consider the chain complex CF °°{Y, t, A) which is freely generated as a 'L[H^(Y\'L)]- 
module by elements [x, i] where x e S and i e Z. The boundary map is defined 

by 

a-[x, {\ = Y.^ J2 (#-^(0)) • e^^^^ ®[y^^- M<f>)]- 

y^®{<^e^2(x,y)|MW=l} 

The homology groups of this complex are the completely twisted homology groups 
HF °(Y, t). More generally, if M is any module over Z[i7], then HF (Y, t, M) is defined 
to be the homology of 

CF°{Y, t, M, A) ^ CF°{Y, t. A) ®zih] M. 

Observe that the homology is independent of the additive assignment A. Specifically, 
if we have two additive assignments A and A', then we can define an isomorphism of 
chain complexes 

: CF°°(y, t, M, A) — > CF°°{Y, t, M, A') 

as follows. Fix a point Xq G 6, and let 

0(m [x, i]) = (m • e^^'^)-^'^'^)) [x, i], 

where (p is any element of 7r2(xo, x). It is easy to see that is an isomorphism of chain 
complexes (over Z[iJ]); but the actual isomorphism depends up to translation by an 
element of H on the initial point xq G ©. Indeed, the homology groups are topological 
invariants, according to the following: 

Theorem 2.16. Fix a module M for7j[H], and suppose that (S, a, /3, z) and (S', a', /3', z') 
are equivalent Heegaard diagrams which are admissible for the Spin*^ structure i, then 
there are induced isomorphisms of the corresponding long exact sequences: 

HFr{cx,l3,{,M) HF°°(a.0A, M) HF+(a,0A, M) 

HFr(a',(3',i,M) -^-^ HF_°°(a',(3',i,M) HF_+ (a' , f3' , i, M) 
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(i.e. where each square commutes), where the vertical maps commute with the actions of 
Z[f/]. Moreover, the maps^~ , , and'^ are uniquely determined up to multiplication 
by ±1 and translation in H. There is a similar canonically-induced map of the long exact 
sequence for HF . 

The above theorem is proved the same way as Theorem 2.1 is proved; with suitable 
modifications made to the holomorphic triangle construction which allow for twisted 
coefficients, and induced modules, as we describe in the next subsection. 

Of course, the chain complex CF °{Y, t, M) is obtained from the chain complex in 
the totally twisted case CF °{Y, t) by a change of coefficients; thus, the corresponding 
homology groups are related by a universal coefficients spectral sequence (c.f. [1]) . In 
particular, when M is the trivial 1\H^(Y; Z)]-module Z, the M-twisted chain complex 
is the same as the untwisted chain complex stated earlier. Moreover, it is easy to see 
that 

Tor^[Hi(y;Z)](Z,Z) = A^(i/i(r; Z)/Tors). 

Thus, the universal coefficients spectral sequence has E2 term A*(i7i(y; Z)/Tors) (8)z 
HF°{Y, t), and term HF°{Y, t). 

2.7. Holomorphic triangles and twisted coefficients. We set this up with slightly 
less generality than in [12], but with sufficient generality for the applications in the 
present paper. 

Let be a cobordism from Yi to Y2, and fix a module M for Z[if^(yi; Z)]. The 
group 

K{W) = Ker {H^iW, dW; Z) — ^ H\W; Z)) 
can be used to induce a module M{W) for Z[H^{Y2;Z)], defined by 

M{W) ^ M ^z^HHYui.)] ^K{W)]. 

Suppose now that (S, a,/3, 7, ^) is a Heegaard triple, and suppose that (S./3,7, ^) 
represents #"'(5'^ x S^), so that when we fill it in with x S^), we obtain the 

cobordism W above. Fix a Spin'^ structure s over W, and let & denote the set of 
homotopy classes of triangles which induce the fixed Spin'^ structure $ over -'^a,/3,7- 

Now, two additive assignments Aa,/3, Ap^^., Aa^-y for the corresponding Heegaard dia- 
grams on the boundary and a single choice oi ipo & & give rise to a map 

Aw: e — >K(W), 

defined as follows. li ip E 7r2(x, y,w) fl 6, then we can find paths (pa,^ £ 7r2(xo,x), 
0/3,7 £ 7''2(yo,y) and (f)a,j £ 7r2(wo, w) with the property that 

Then, we define 

AwW = (^(^(0a,/3) e ^(0a,7)), 
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where S denotes the coboundary map S: H^{dW; Z) — > K(W). It is easy to see that 
this is independent of the choices of (f)a,i3, 0/3,7 and 0q,^^ as above. 

We now claim that the holomorphic triangle construction gives a map 

Z:,/3,7 : HF°{<x, (3, 5\Y^, M) ® HF^\f3, 7, 5o) HF_\cx, 7, sjFs, M{W)\ 

to be the map on homology induced by the chain map f° defined by: 

/;^^^^(m®[x,z]®[y,j];5) = 

(#M(V'))m«)e^^W(8)[w,i + j-n,(V')]. 

This map commutes with the obvious Z[i?^(yi;Z)] actions. 

Although this construction depends on an initial triangle ipQ & the following is 
clear: If -^i G © is another such choice, then we can write ipi = ipQ + (f)a,i3 + 0/3,7 + 0a,7 
with Ai3^^{4>i3^^) = 0. Then, if Fq and F_l are the two induced maps, then we have: 

^Aa,'y{4>a,'y) . _ _ ,/3 ,/3 ) 

Note that if 7 : M — > M' is a map of Z[H^{Y; Z)]-modules, then there is an induced 
map 

^(7) : HF_°{Y, M) — > HF_°{y, M') 
defined in the obvious way. 

The map F° is a refinement of the map 

F°: HF°{cx,l3,s\Yi)®HF^%l3,-^,So)^HF\oc,-i,B\Y2) 

defined earlier, in the following sense. Observe first that if Z is a trivial Z[iJ^(y;Z)]- 
module, then HF °(Y, s, Z) = HF°{Y,s). Moreover, if is a cobordism from Yi to 
Y2, then the trivial H^{Yi; Z)-module Z induces the H^{Y2; Z)-module Z[H'^{W, Y2; Z)]. 
Now, letting e: Z[H'^{W,Y2;Z)] — ^ Z be the natural map (to the trivial H\Y2;Z)- 
module), we have that 

(7) F°(e®77,s)=^(e)oF°(e®77,s)- 
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3. COBORDISMS 



In Section 4, we will use holomorphic triangles to construct invariants (which are maps 
on the HF°) induced by one-, two-, and three-handle addition to a given three-manifold. 
By composing these invariants, we define the invariant of a cobordism, satisfying the 
following properties: 

Theorem 3.1. Let W he an oriented, smooth, connected, four- dimensional cobordism 
with dW — — YiUy2- Fix a Spin'^ structure s G Spin'^(l^), and let tj denote its restriction 
to Yi. Then, by composing the maps associated to a handle decomposition of W , we 
obtain a map 

which is a smooth oriented four-manifold invariant, uniquely defined up to sign. More 
generally, can be extended to a map 

F^^,. HF°{Y,,t,)^A* {H,{W,Z)/ToTs) HF%Y2,t2), 

which is also a four-manifold invariant. More precisely, if4>: W — > W is an orientation- 
preserving diffeomorphism, then we have a commutative diagram: 



HF°{Yi,i^,)®^*{Hl{W]'L)/ToYs) 

(</>|Vi)*<X)</>* 



i/F°(17,t;) ® A*(ifi(Py';Z)/Tors) HF°{Y2,Q, 
where s = 0*(3'). 

Remark 3.2. When we write 

F^^^: HF°{Y,,t,) HF°{Y2,t2). 

we mean a map between the long exact sequences relating HF , HF^ , HF'^ , and HF^ . 
Specifically, the above theorem is saying that there is a collection of maps F^r^g, F^ 
and F^^^ for which the following diagrams commute: 

... > HF-{Y,,ii) HF^{Y,,t,) HF+{Y,,i,) > ... 



and also 



HF-{Y2, t2) 

■ HF{Y,,t,) 

■ HF{Y2,i2) 



HF'>°{Y2,i2) HF+{Y2,t2) 



HF+{Y,,t,) 



HF+{Y2,t2) 



HF+iY,,i,) 



HF+{Y2,t2) 
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This invariant enjoys a number of fundamental properties. 

Theorem 3.3. (Finiteness) LetW be a cobordism from Yi to Y2, and fix Spin'^ struc- 
tures ti and t2 over W . Then, for each ^ e HF^{Yi,ii), there are only finitely many 
s e Spin''(H^) for which 

Kv,M) ^ 0. 

Moreover, for each integer d, and each element rj e HF~{Yi,ii), there are only finitely 
many Spin'^ structures s G Spin'^(W^) for which 

Theorem 3.4. (Composition Law) Let Wi and W2 be a pair of connected cobordisms 
with dWi = -Yi U Y2, dW2 = -Y2 U Y3, and let W = Wi Uyj W2 be their composite. 
Fix Spin"^ structures Si G Spirf{Wi) for i = 1,2 with $i\y2 — S2\y2- Then, F^^^^^ o 3^ 
can be written as a sum: 

{seSpin= { W^) I s| =si ,s| W2=S2 } 

There is a natural bilinear pairing (c.f. Section 5) 

(,): CF°°(r,s)®CF~(-F,s) — 

(c.f. Section 5) which descends to give pairings on HF°°{Y,5)®HF'^{—Y,5), HF~^{Y,s)^ 
HF-{-Y,5), and HF+^{Y,5) ® HF-^{-Y,5). 

Theorem 3.5. (Duality) Let W be a cobordism from Yi to Y2. Then, the map induced 
by W, thought of as a cobordism, from Yi to Y2, is dual to the map induced by W , thought 
of as a cobordism from —Y2 to —Yi; i.e. for each ^ e HF^{Yi, li), r] G HF~{—Y2, 12), 
we have that 

{^W,si^) ^ V) HF+{Y2,i2)'8)HF- i-YzM) = (^5 Fw,si''l)) HF+{Yi,ii)(g)HF-{-Yuii)- 

In general, there is a Z/2Z action on the set of Spin'^ structures over a given mani- 
fold. In three-dimensions, thinking of Spin'^ structures as equivalence classes of nowhere- 
vanishing vector fields v, this action is induced by the map v h- > —v. In four dimensions, 
thinking of Spin'^ structures as equivalence classes of almost-complex structures J de- 
fined away from a finite collection of points, the map is induced by the map J ^ — J. 

In [8], we defined an isomorphism of chain complexes, which induces an identifica- 
tion HF°{Y,s) with HF°{Y,s). We denote the isomorphism by HF°{Y,$) — > 
HF°{Y,s). 

Theorem 3.6. (Conjugation invariance) Let W be a cobordism as above. Then, 
Fw,s = ^Y2 o F^^^ oZyi- 

Proofs of duality and conjugation invariance will be given in Section 5. 
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Theorem 3.7. (Blow-up formula) Let W be the cobordism ([0, 1] x Y) #CP (inter- 
nal connected sum). Then, for each Spin'^ structure s over Y , we have that 



F^y.HF°{Y,i)^HF°{Y,t) 



is multiplication by U 2 where s E Spin'^VF is characterized by ci(s)|{0} xY — t and 
(ci(5), E) = ±(2£ + 1), for e>0. 

3.1. Twisted analogues. We give the following twisted versions of Theorems 3.1 and 
3.4. 

Fix first a module M over Z[H^{Yi;Z)], and a cobordism W from Yi to Y2 as in 
Theorem 3.1. Let M{W) be the induced module M{W) over Z[H^{Y2;Z)] induced by 
the cobordism as in Subsection 2.6. 

We have the following: 

Theorem 3.8. Fix a Spin"^ structure s over W. Then, there is an associated map 
Fw,,,M-- HF°{Y,,s\Y,,M) ^ HF°{Y2,s\Y2,M{W)) 

which is uniquely defined up to multiplication by ±1, left-translation by an element of 
H^{Yi]1a), and right translation by an element of H^{Y2;'Z) 

We let [F^J be the H^{Yi;Z) © //^(Fs; Z) -orbit of the map constructed in Theo- 
rem 3.8. 

We state a refined version of the composition law. Let Wi be a cobordism from Yi to 
Y2 and W2 be a cobordism from Y2 to Y3, and let W = Wi Uy^ W2 be their composite. 
Then there is a natural inclusion 

iM-- M{W) ^ M{Wi){W2), 
which has a canonically defined right-inverse 

Um: M{Wi){W2) — > M{W). 
To construct this, notice that there is an H^(Y2; Z)-equivariant inclusion 

as can be seen by inspecting the following commutative diagram: 



H\Y2) 



H\Wi, dWi) © H\W2, dW2) 



Thus, we can construct a right inverse 

n: Z[K{Wi)] ^zimiYrM ^Z[K{W2)] = Z 



— > H\W,dW) 

H\W) 
K{Wi) © K{W2) 



H\Y2]Z) 



H\Y2) 
> H\Wi)®H\W2). 
Z[K{W)l 
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by defining 

n (e^) = / ^^^^^ ^ ^" 

^ ' 1 otlierwisc 

Tensoring tlie projection with M on the left, we obtain our required projection map 

n: M{Wi){W2) — > M{W). 

Theorem 3.9. Fix a module M for Z[i7^(Yi; Z)], and let Wi be a cobordism from 
Yi to Y2 and W2 be a cobordism from Y2 to Y3. Let W be the composite cobordism 
W = Wi W2- Fix a Spin^ structure s over W and let Si = s\Wi for i = 1, 2; then 
there are choices of representatives F_^^ e [Kwi sj '^'^'^ S2 ^ [^^2 s^^' /'^'^ which 

More generally, if h & H^{Y2;Z), then for the above choices of F^^^^ and F^^^^^, we 
have that 

where 6h e H'^{W;Z) is the image of h under the coboundary homomorphism for the 
Mayer- Vietoris sequence for the decomposition ofW into Wi and W2. 
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4. Invariants of handles 

We build the invariant of a cobordism up from its handle decomposition. We describe 
first the most interesting part - the part belonging to the two-handles (Subsection 4.1). 
After that, in Subsection 4.3, we consider the one- and three-handles. With these 
definitions in place, we define the invariant of a cobordism, and verify its topological 
invariance (Theorem 3.1 in the untwisted case, and Theorem 3.8) in Subsection 4.4. 
Finally we give a proof of the composition law (Theorems 3.4 and 3.9), which follows 
readily from the definition. 

4.1. Invariants of framed links. A framed link in a three-manifold y is a collection 
of n disjoint, embedded circles Ki,...,Kn C Y, together with a choice of homology 
classes ii G Hi{dnd{Ki)) , with ■ £j = 1 (where rrii is the meridian of K^). We will 
often abbreviate the framed link (i^i,^i)"=i by L. 

By attaching two-handles along the framed link L, we naturally obtain a cobordism 
1^(L) from Y to the three- manifold Y(L) (which is obtained by surgery along the link). 

Our aim of this section is to define and study an induced map 

El,: HF°{Y,s\y,M) ^ HF°{Y{h),s\Yii.),M{W{h))) 

associated to the framed link, where s is a Spin'^ structure on the cobordism iy(L). 

Definition 4.1. A bouquet for the link L, is a one-complex embedded in Y which is 
the union of the link L = Uf^iKi with a collection of paths connecting to a fixed 
reference point in Y . 

The regular neighborhood of a bouquet B{h) is a genus n handlebody V. There is a 
subset of its boundary which is identified with a disjoint union of n punctured tori Fj. 

Definition 4.2. A Heegaard triple subordinate to the bouquet B{L) is a Heegaard 
triple (E, a, /3, 7) with the following properties: 

(1) (E, {ai, ftp}, {/3n+i, ■■■ftg}) describes the complement of the bouquet B{h), 

(2) 7n+i, ■■■7p CLTC small isotopic translates of the ■■■,(3g, 

(3) after surgering out the the induced curves Pi and ji (for 
i = 1, ...,n) lie in the punctured torus Fj C dV , 

(4) fori — 1, ...,n, the curves Pi represent meridians for the Ki which are dis- 
joint from all the jj for i ^ j, and meet ji in a single transverse intersection 
point 

(5) for i = 1, n the homology classes of the ji correspond to the framings ii 
under the natural identification 

H^{dnd{\jKi))^H^{dV). 
Let Xa,/3,j be the cobordism specified by the Heegaard triple (E, a, /3, 7). 
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Proposition 4.3. The manifold X^^^^^ has three boundary components, —Y, Y{h), 
and ^^^^'■{S^ X S*^). Furthermore, after filling in the third boundary by the boundary 
connected sum i^^^^{S^ x B^), we obtain the standard cobordism W{Y,'L). 



Proof. As a warm-up, consider the trivial case where n — - i.e. the 7, are all 
small translates of the f3i. In this case, it is easy to sec that ^a,/3,7 is diffeomorphic to 
Ya,i3 X 1], with a regular neighborhood of the Up x {0} deleted. The boundary is, 
of course, i^^{S^ x S^), so when we fill that back in, we obtain Y x I. 
Next, consider the case where n — 1. In this case, 

where the factor is obtained by filling in Pi and 71. Now, 

W{Y, L) - (^[0, 1] X {D^ X 71) U (L>2 X D^)^ ^Y x [-1, 1]. 

Observe that [0, 1] x {D^ x 71) U {D^ x D^) is a four-cell, attached to y x / along a 
neighborhood K with the specified framing. The case for arbitrary n follows in the 
same manner. □ 

Fix a Spin"^ structure s over 1^ = 1^(Y, L). We define the map 

Zl,.: Hr{Y,s\Y,M) ^ HF%Y{h),s\YiL),M{W)), 

by 

ZUO=Z°(e®e,s), 

where © is a generator for the top-dimensional homology x S'^),So). 

Since there are two possible generators for this latter group, the map is defined 
only up to sign. Moreover, the maps themselves are defined only up to translations by 
H^{Y: Z) and H^{Y{h)^ Z). But more importantly, the map appears to depend on the 
bouquet and the admissible triple. However, we have the following: 

Theorem 4.4. The map depends only on the three-manifold Y and the framed link 
L, and the Spiif structures over WCL) in the following sense. Let {T,i, oti, fBij-y^, Zi) and 
(E2, q;2, /32, 72) -2^2) be a pair of Heegaard triples which are subordinate to two bouquets 
for Ley. Then, we have a commutative diagram: 

HF_°{(Xi,f3i,s\Y,M) ^°(ai,7i,s|r(L),M(M/)) 

HF_\ci2,l32,s\Y,M) HF_\ci2n2,5\Ym,M{W)) 

where ^\ and ^2 ^'^s isomorphisms induced by equivalences between the Heegaard dia- 
grams (c.f. Theorem 2.16). 



30 



PETER OZSVATH AND ZOLTAN SZABO 



The proof of this theorem occupies the rest of this section. We first show that the 
invariant g is unchanged under certain operations on the Heegaard diagram (which 
leave the bouquet unchanged). These operations are given in the following: 

Lemma 4.5. Let Y he a closed, oriented three-manifold equipped with an framed link 
L C F and associated bouquet B. Then, there is a Heegaard triple subordinate to B, 
and indeed any two subordinate pointed Heegaard triples can be connected by a sequence 
of the following moves: 

(1) handleslides and isotopies amongst the {ai, ...,ag} 

(2) handleslides and isotopies amongst the /3i for i — n + l,...,g, carrying 
along the ji for i = n + 1, g, as well 

(3) isotopies and possible handleslides of some /3i fori e 1, ...,n across l3j for 
j G n + l,...,g 

(4) isotopies and possible handleslides of the ji for i e 1, ...,n across the jj 
for i e n + l,...,g 

(5) stabilizations (introducing a g^i, Pg+i, andjg+i). 

As usual, isotopies and handleslides here take place in the complement of the basepoint 
z. 

Proof. Fix a Morse function on B{L,) with one critical point of index three and n 
index two critical points. Let be the attaching circles for these index two 

critical points. 

We complete the above to a triple extending this Morse function over all oiY — B(L) 
(introducing only one index zero, and no new index three critical points). This gives rise 
to S, {«!, ...,ag} and {/9„+i, in the usual manner. Let z then be any basepoint 

in the complement of these curves. Curves {'jn+i, ■■■^Ig} can be found then by taking 
small translates of the corresponding 

Now, if we have two such Morse functions (giving rise to Heegaard triples subordinate 
to a fixed bouquet), we can connect the Morse functions through a generic one-parameter 
family. This allows us to connect the two handle decompositions for Y — B(L,) through 
a sequence of handle-slides, pair creations and annihilations. 

In this process, we possibly introduce new index zero and index three critical points 
which cancel new attaching circles ctj and f3j. It is straightforward to see that no matter 
how these cancellations occur, the two handle decompositions differ by only isotopies 
and handleslides amongst the {ai, ag} and {(^n+i, f^g}, and also stabilizations (c.f. 
Proposition 2.1 of [8]). 

Observe that if we surger Pg} out of S, the remaining two-manifold is iden- 

tified with dB{h); in particular, we have candidates for the curves {71, 7„} in dB[h), 
which we can perturb slightly so that they induce curves in E. 

Next, we consider the dependence of the construction on the /3j and 7, for i = 1, n. 
The hnk specifies the homology classes of the Pi in Fj, while the framing specifies the 
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homology classes of the 7,. Different choices f3i and f3[ can be connected by an isotopy in 
Fi. It follows that in E they can be connected by a sequence of isotopies and handleslides 
across the {/5„+i, ...,Pg}. The 7^ for i = 1, n follow in the same manner. 

Since E — /3i — ... — /3p — 71 — ... — 7^ is connected, we can realize moving the basepoint 
as a sequence of handleslides amongst the ai (c.f. Section 5 of [8]). □ 

We have the following special case of Theorem 4.4: 

Proposition 4.6. Fix a framed linkh CY, a Spiif structures G W^(L), and a bouquet 
B for L. Then, the map ^■^ independent of the underlying Heegaard triple subordi- 
nate to the bouquet, in the sense that (Ei, ai, /S^, 7^, zi) and (E2, a2, /325 72^ -^2) are 
a pair of Heegaard triples which are subordinate to a fixed bouquet B{V) for L C 
Then, we have a commutative diagram: 

HF_°{cxi,f3^,5\Y,M) HF_°{cxi,-fi,s\Y{h),M{W)) 



10 2 



HF°{a2,(32,s\Y,M) HF° {0^2,^2, s\Y (L), M{W)) 

where "ifl and ^'^s isomorphisms induced by equivalences between the Heegaard dia- 
grams 

This proposition is divided into steps, the first of which is a stabilization invariance 
for holomorphic triples, which in turn follows from the gluing result for holomorphic 
triangles. Theorem 2.14. 

Lemma 4.7. The map F^s commutes with the isomorphisms induced by stabilizations 
(introducing a g+i, Pg+i, andjg+i). 



Proof. Start with a Heegaard triple (E, a, /3, 7, z). The stabilization involves forming 
the connected sum of E with a genus one surface E containing: a pair of curves ong+i 
and (3g^i (which meet in a single, transverse intersection point), and a new curve jg-i-i 
which is a small isotopic copy of (3g+i meeting it in two transverse intersection points 
(and meeting ag in a single transverse intersection point). Then, the new Heegaard 
triple 

(E, {«!, ttg+i}, {71, ...7g+i}, z) 

represents a stabilization of the original Heegaard triple. 

Let xq = ttg+i n Pg+i, wq = cty+i n 73+1, and let yo be the intersection point of 
with 7g+i with higher relative degree. It is easy to see that there is a unique homotopy 
class of triangle ipo ^ ''^2{xo,yo,Wo) with nowhere negative coefficients, and moreover 
A*(^o) = 0, and ipo has a unique, smooth holomorphic representative (if we take a 
constant complex structure on E), see Figure 1. Clearly, if the © e i?F-'^(T^, T^,So) 
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represents a top-dimensional generator, where Tj3 = (3i x ... x (3g and = 71 x ... x 7^, 
then 6' = e X {yo} e HF+{Tp x x 7^+1, ^o)- 

Consider the square 

CF+(Tc„T^,s|y) CF+(T„,T^,s|y(L)) 

CF+(T„ X «,+i,T^ X CF+(T, x «,+i,T^ x 7,+i), 

where the vertical isomorphisms are induced by the maps x G Sym^(E — nd{z)) ^ 
X X xo e Sym^"*"^ (E#£^) and y >^ y x t/q- For all sufficiently long connected sum neck, 
these induce are isomorphisms of chain complexes, according to Theorem 6.2 of [8]. 
Theorem 2.14 gives a map 

7r2(x, e, w) > 7r2(x X Xq, W X Wo) 

and an identification of formally zero-dimensional moduli spaces = which 

shows that the square exhibited above commutes. □ 

Proof of Proposition 4.6. First, we organize Lemma 4.5 in the same manner as 
Lemma 2.10: if (Si, oci, /3i, 7^, Zi) and (S2, ct2, (^2, 72, Z2) are a pair of Heegaard triples, 
both of which are subordinate to a fixed bouquet B(L,) for a framed link L C K, then 
we can go from one to the other by first a sequence of stabihzations, then a strong 
equivalence - i.e. using only Moves (l)-(4) of Lemma 4.5 (in particular leaving the 
underlying two-manifold E unchanged) - and then a sequence of destabilizations. 





w 











Figure 1. Stabilization. We have pictured here the torus E used in 
stabilizing. (We have dropped all the subscripts from the picture.) The 
connected sum point is labelled z. The domain of ipo is lightly shaded in 
the picture. 
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Having shown (in Lemma 4.7) that commutes with the isomorphism induced by 
stabihzation, it suffices to show that commutes with the isomorphism induced by 
a strong equivalence. 

Suppose that (E, ai,/3i,7i,2;) and (E, a2, /32) 72) strongly equivalent. Then it 
is easy to see that 0C2, ySg, and 72 are obtained by handleslides and isotopies amongst 
the CX.I, f3i, and 7^ respectively. Following the scheme from Subsection 2.5, we choose 
isotopic copies oc[, (3'^ and 7'^ of the ai, /3i, and 7^, so that each of (E, ai, a^, 
(E, j3i, P'l, z) and (E, 7, 7'^, z) is admissible. Now the fact that Fk ^ commutes with the 
isomorphism of the strong equivalence follows from the commutativity of the following 
two squares. 

First, we have 



r 



This square commutes up to sign since isotopy invariance of the triangle construction 

gives that 

= ±^al,/3i,7l(r"'i.«i;^i./3l(0 ® r^i,/3i;7l(©/3i,7l)) 
= ±^a°l,ft,7l (ral,ai;/3iA(0 ® e/3i,7())> 

in view of the fact that F^^.^j^^/ (O^^^^j) = ±0/3i,^(, and F^j^^^.^/ (0^^^^/ ) = ±G^j,^j (since 
both sides of both equations are generators for a group - the top-dimensional homology 
of HF^^{4^s-\S^ X 52),5o) - which is isomorphic to Z). 
The second commutative square is 

EF\c^,^0,) ^ ^ i/F°(a2,/32) 

© I ® ■ (8)0 / 

HF°{c.[,y,) ^ i^F°(a2,72) 

which now commutes up to sign, owing to the associativity of the triangle construction 
(Theorem 2.5), and now the fact that 

^-°(%,7l ® 6)71,72, 5o) = ±e;3i,72 = ±^-°(6)/3^/32 ® 0/32,72,50). 

□ 

Lemma 4.8. The map F^g is independent of the bouquet. 
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Proof. Suppose that B and B' are a pair of bouquets which differ in the choice of one 
path CTi and cr^. We construct two Heegaard triples 

(E, a, /3, 7, ^) and (E, a, /3', 7' , ^) 

in such a manner that the sets /3' are obtained from the /3 by a sequence of handleshdes, 
and the 7' are obtained from the 7 by a sequence of handleshdes. 

To this end, consider the regular neighborhood M oi BU B', This is a handlebody of 
genus n + 1. On the complement Y — M, we have a Morse function with one index zero 
critical point, g index one, and g — n — 1 index two critical points. Let {ai, ag} and 
{Pn+2, Pg} be the corresponding attaching circles. Let {f3i, be attaching circles 
in dM for the index two critical points corresponding to reattaching the components 
Ki, Kn of the link. There is one additional index two critical point on M. Let Pn+i 
be the attaching circle dual to ai: this is the attaching circle for a Morse function on 
M — nd(B) with a single index two critical point. Similarly, let P'n^i be the attaching 
circle dual to a' (while all other f]^ = j3i). We can arrange for jS'^^^ to be disjoint 
from Let 7^ for i = 1, ...,n correspond to the given framing of the link, and 7, 

be small isotopic translates of the /3i ior i — n + 1, g, while 7^' is a small isotopic 
translate of /3- (while all other j'- = 7,^), then, (E, a, /3, 7, 2;) is subordinate to B{L,), 
while (S, CK, /3', 7', 2;) is subordinate to B(L'). 

Now, if we surger {Pi, Pn-i, Pn+i, Pg} out of E, we obtain a surface of genus 
one, with two disjoint, embedded, homologically non-trivial curves induced by /5„ and 
P'^. These curves must then be isotopic in the torus: thus, P'^ can be obtained by 
handlesliding Pn over some collection of the /9„_i, /9„+i, .... The analogous 

remark applies to obtaining 7^ from 7„. Thus, f3' are obtained from (3 by handleshdes 
and isotopies, and 7' are obtained from 7 by handleshdes and isotopies. 

The result then follows from the usual commutative diagram 

HF°{cx,^,s\y,M) Hr{cx,'y,s\nL),M{W)) 



HF°ic,,(3',3\Y,M) HF°{^',-f',s\YiL),MiW)), 

(where the vertical maps are isomorphisms induced by strong equivalence, and the two 
horizontal maps are the two candidates for belonging to the two bouquets), and 
use of associativity, according to which we have the following equation up to sign 

□ 



Proof of Theorem 4.4. This is now an immediate consequence of Proposition 4.6, 
together with Lemma 4.8. □ 
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4.2. Compositions of link invariants. The invariant ^ satisfies the following ana- 
logue of Theorem 3.4. 

If we partition the link L = Li U L2, this gives a decomposition of the cobordism 
W(L) as a union 

where Wi = Li), and W2 is the cobordism from F(Li) to Y{h) associated to L2, 
thought of as a framed link in y(Li). Recall that we have a projection map 

n: HF_°{Y(L),M{Wi){W2)) — > H F° (Y (]L) , M (W)) . 
Proposition 4.9. There are choices and F_^^ from the equivalence class of 

maps Fy^Li.sivKi ^'^^ £y(Li),L2 respectively, with the property that the projection of the 
composite map U o ° represents Fy ^. 

Proof. Let Li and L2 have m and n components, respectively. Let {Pi, j3n+m} 
correspond to the link Li U L2. Let 6i be small isotopic translates of the 7j for i = 
1, ...,m correspond to the framings of Li, and let 5j be small isotopic translates of (3i 
foT i — m + 1, ...,m + n. Clearly, 

Zy,Li = ® Qp,S, S, M) : HF°{0C, /3, M) HF\oc, M{Wi)), 

while 

Next, we claim that 

i^-°(e^,5®05,-„so) = ±e^,7- 

This follows from Theorem 2.14, and two model calculations in the genus one surface E. 
In one case, we have three curves /3, 7, and 5 which are all three Hamiltonian isotopic 
translates of one another, as in Figure 2 below (with different labcllings); in the other 
case, P and 5 are small isotopic translates of one another, and 7 intersects {3 (and also 
5) in a single, transverse intersection point (we met this configuration already in the 
proof of stabilization invariance, see Figure 1, only with different notation). In each 
case, there is a unique homotopy class with nowhere negative coefficients connecting the 
relevant intersection points, and the homotopy class supports a single smooth solution. 

The theorem now follows from associativity in the twisted case. Note that in the 
present application of associativity, we consider the pointed Heegaard quadruple (E, a, /3, 5, 7, z), 
and as such we must verify that 

5H\Y^,s)\Yp,^ = = 5H\Yp,^)\Y^,s- 

Both follow from the fact that the map on 7^2(^3,7) — ^ -f^2(-^a,/3,5,7) is trivial (to 
see this, observe that the (/3, 7)-pcriodic domains, which evidently involve relations 
amongst the /3j and 7^ for i, j e (m + 1, m + n}, can be expressed as sums of (/3, 7)- 
and (/3, 5) -periodic domains). □ 
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4.3. One- and three-handles. Let U be the cobordism obtained by adding a single 
one-handle to a connected three-manifold Y. This is a cobordism between Y and 
Y' = Y^{S^ X 5*2). Clearly, Spin'=(t/) = Spin'^(F); moreover, the Spin'= structures 
over Y' which extends over U are those which have trivial first Chern class on the 
X factor. 

We define the invariant for the one-handle addition: as follows. Fix a standard 
Heegaard diagram {E, a, (3, zq) for x (in the sense of Definition 2.8) so that a and 
(3 meet in a pair of intersection points; and let 9 be the maximal one. Given a Heeegaard 
decomposition (E,a,/3, for Y, let (S', a', /3', 2;') = (E, a, /3, ct, /3, Zq) be an 

associated Heegaard decomposition for Y^{S'^ x S^). Then, we define 

g^y CF^(cx,(3,s,M)^CF^(cx',f3',s#So,M) 
be the map induced from 

9^^{m (g) [x, i]) = m O [x X {9}, i]. 

(Observe that M{U) = M.) When the complex structure on S#i5 is sufficiently 
stretched out, this is a chain map (c.f. Proposition 1.5 of [12]), and we define the 
map associated to the one-handle 

G^,s- EF_°{Y,s\Y,M) — > HF°(Y',s\Y',M) 

be the induced map on homology. 

Theorem 4.10. The maps G^jg depends only on the three-manifold Y and the Spin"^ 
structure s in the following sense. If {Yli,cx.i, /3i, zi) and (S2, 0:2, /32, -^2) are equivalent 
Heeegaard diagrams, then the corresponding diagrams (S'^, oc'i, z[) and (Eg, CX2, l32, z'^ 
are equivalent, and indeed we have a commutative diagram 

HF°{cx,,(3„i) HF°{a[,/3[,t4so) 

HF%cx2,f32,i) i/F°(a'2,/3;,t#So), 
where the vertical maps are the isomorphisms induced from the equivalences of the Hee- 
gaard diagrams (c.f. Theorem 2.1). 

Proof. The equivalence of (E, ai, /3i, 2:1) and (E, a2, /Sg, 2:2) induces the equivalence 
between the corresponding diagrams (Ei, a'^, /3'^, z[) and (E2, OL'2, 02i ^2) view of the 
fact that an isotopy of an attaching circle in a Heegaard diagram for Y corresponds 
to a pair of handleslides across a^+i or supported in E for the induced Heegaard 
diagram of ^#(5^ x 5^). 

The fact that commutes with the isomorphism induced by equivalence, follows 
from a gluing analogous to Lemma 4.7, only now the corresponding picture in the torus 
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E is different; see Figure 2. Here, a, (3, and 7 are all isotopic translates of the same 
curve (the curve (Xg+i in E). 



Dually, if V is the cobordism obtained by adding a single three-handle along a non- 
separating two-sphere S C Y', then Y' can be written as Y4i^{S'^ x S^) and V is a 
cobordism from Y' = Yjj^[S'^ x S^) to Y . There is a special kind of compatible Heegaard 
diagram induced by the embedded sphere. 

Lemma 4.11. Let S (Z Y' be a non-separating embedded sphere in a three-manifold, 
then there is an induced split Heegaard diagram (E', a', /3', z') for Y' of the form 



where {E,a, P, zq) is a standard Heegaard diagram of x (and where the sphere S 
is represented in this factor). Moreover, if we have two such split diagrams which are 
equivalent, 

{Y.i,ai,(3i,zi)#{E,a,P,zo) and {Y.2,ot2, (^2, Z2)#{E,a, P, zq), 
then (El, oti, /3i, Zi) and (E2, ot2, (32, -^2) a'^e equivalent Heegaard diagrams. 

Proof. We build the Heegaard diagram starting from a handle decomposition of the 
neighborhood of the two-sphere, as in Lemma 8.3 of [12] (where we were interested in 
the case of embedded surfaces of genus g > 0, though the construction works the same 
way when g — 0). Specifically, we start with Morse function on the neighborhood of the 
two-sphere S, and consider extensions to the complement Y — S. In this manner, we 
obtain a Heegaard diagram (E', a', /3', z'), with a periodic domain representing S which 



□ 



(E',a',/3',z') = {E,a,f3,z)i(^{E,a,P,zo), 



J 



J 



y 



a 




Figure 2. One handles. Three curves in the torus, obtained as small 
isotopic translates of one another. The domain of holomorphic triangle 
connecting the top-dimensional intersection points is lightly shaded. 
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is bounded by curves a^+i and which are small translates of one another. Indeed, 
in the present case, we arrange that f3g^i is a small Hamiltonian translate of a^+i. 
Now, any two Heegaard diagrams which arise in this manner are equivalent, through 
an equivalence which leaves a^+i and unchanged. 

Pick any curve 5 dual to ccp+i (and Pg+i)- It is easy to see that after handleslides 
across the a^+i, we can arrange for all the remaining {oi, .... Og} to be disjoint from 7. 
Similarly, handlesliding across we arrange for the {Pi, ....pg} to be disjoint from 
S. The curves 5 and a^+i and Pg+i lie in a torus summand of S', giving us the required 
splitting. 

To verify uniqueness of the splitting, suppose we have two different such dual curves S 
and 6'. In the first case, we destabilize along the neighborhoods a^+i U 6 (i.e. surgcring 
out a regular neighborhood), and in the second we destabilize along ag^i U 6'. Both 
two-manifolds are identified with the two- manifold obtained by surgering out ccp+i. To 
see that the two induced Heegaard diagrams are equivalent, we make the following 
observation. Suppose that cij is a curve which meets 6, but misses 6'. By handlesliding 
repeatedly across a^+i, we obtain a new curve a'^ which meets meets 6', but is disjoint 
from 5. However, if we then surger out a^+i, the induced curves (images of ctj and 
are isotopic. (See Figure 3.) 

□ 

We now take a split Heegaard diagram 

(E', a', /3', z') = (S, a, ^, z)i^{E, a, P, zo) 




Figure 3. Two-spheres splitting Heegaard diagrams. This is an 

illustration of the uniqueness claim in Lemma 4.11. The curves a^+i and 
Pg+i bound a periodic domain representing the embedded two-sphere, and 
the curves S and 5' give two candidates for the splitting of E. Handles- 
liding CKj across ctg+i, we get a curve a\ which is isotopic to ctj, after we 
surger out 
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as in the above lemma. Then, we define 

e^,: CF°°{ot',l3',s\Y') — > CF°°{ot, f3,s\Y) 

to be the map 

oo r J 1 1 _ / [^) ^] if y is the minimal intersection point for the x factor 

ev',,ixx ||/|,«J - I Q otherwise 

Again, if the complex structure on T,^E is sufficiently stretched, out, Cy^ gives a chain 
map, inducing the required map on homology 

Ev,e- HF_°{y',s\Y',M) — > HF°(Ys\YM). 

The following analogue of Theorem 4.10 holds for three-handles. 

Theorem 4.12. Fix a non-separating embedded sphere S (ZY, and let 

(E;, a;, (3[, z[) = (El, ai, A, z,)^{E, a, /3, ^o) 

and 

(E2, a'^, f32, 4) = (S2, ^2, f^2, Z2)if{E, a, (3, zq) 
be a pair of equivalent split Heegaard diagrams, then the following square commutes: 

HF°(cx[,(3[,t#So) HF°(cx„(3„i) 



HF°{a'„(3'^,t4fso) HF°{c2,(3„i), 
where the vertical maps are the isomorphisms induced by the equivalences. 



Proof. This follows exactly as in the case for one-handles. Theorem 4.10: i.e. we 
apply the gluing of Theorem 2.14 for the appropriate triangle in the torus with three 
curves illustrated in Figure 2. □ 



4.4. Invciriance of the maps Eissociated to cobordisms. We prove Theorems 3.8 
and 3.1. 

Let 1^ be a cobordism from Yi to Y2. We decompose W — Wij^YiW2H^Y^W2„ where 
Wi is a collection of one-handles, W2 is a a collection of two-handles, and 1^3 is a 
collection of three-handles. Concretely, W2 can be represented as a framed link L C 
Yl = ri# (#^(^2 X s^)). We then define 

where E^,^ ^ and ^ are defined to be composites of the maps W and G° induced by 
the the various one- and three-handles. 

To see that this depends on the underlying four-manifold only (not on the particular 
handle decomposition), we proceed in several steps. 
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Lemma 4.13. The maps G^^^ are invariant under the ordering of the one-handles, 
and handleslides amongst them. 



Proof. We verify that ^ is independent of the ordering of the one-handles. 
Addition of a pair of two one-handles to a Heegaard diagram corresponds to adding two 
handles to the Heegaard surface to obtain E', and placing a pair of new curves a\ and Pi 
and a2 and 132, where is a small isotopic translate of and both pairs are supported 
inside the two new handles. From this description, it is clear that the composite of the 
two one-handle additions is independent of their order. Handleslide invariance follows 
from this. □ 



Lemma 4.14. Fix a framed link L in Y , and let U he the framed link obtained by 
handleslides amongst the components of L. Then, the maps Fy-L o,nd Fy-j^, are equal. 

Proof. Let K[ be obtained from Ki by a handleslide over K2. To perform this 
handleslide, one needs a path a joining Ki to K2. After the handleslide, there is a 
natural path a' joining K[ and K2. 

Complete KiUaU K2 to a bouquet for L. Let (S, ck, /3, 7, z) be the associated triple, 
where Pi is dual to Ki, P2 is dual to K2. We can complete K[[J a' U K2 to a bouquet 
for L' so that there is a subordinate Heegaard triple 

(E',a,/3',7',^) 

with the property that P'2 obtained as a handleslide of P2 over Pi , 7^ is obtained as a 
handleslide of 71 over 72, and all other 0[ = Pi, — (c.f. Figure 4). 
We then have the following commutative diagram: 

HF°{Y,s\Y) HF°(Y(h).s\Y(h)) 




HF_°{Y,s\Y) HF°(Y(V),5\Y{V)) 
Commutativity follows from associativity, and the observation that 

-^A°',7'(®/3./3' ® €)/9',7',5o) = ±0/3,7' = i-^/^^,^' (0/3,7 ® 07,7') ^o), 

according to the handleslide invariance of the homology groups. □ 



Lemma 4.15. The maps E^^^ are invariant under the ordering of the three-handles, 
and handleslides amongst them. 



Proof. Again, we verify independence of the ordering, i.e. 

E°a .oE°a .oEl 
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Figure 4. Four-dimensional handleslides. An illustration of four- 
dimensional handleslides, in the case where the knot has two components. 
The handleshde takes place inside the sohd torus pictured; the dashed 
lines Ki and K2 constitute the first link, and K[ is obtained by sliding 
Ki over The darker circles 71. 72. 71 and f3'2) take place on the 
boundary of the handlebody, in the Hccgaard diagram. The dual to K[, 
(3[ is not pictured: it is an isotopic copy of Pi, similarly, 72 is not pictured, 
as it is an isotopic translate of 72. 

To see this, we can equip Y with a Heegaard decomposition which splits off a standard 
decomposition of ^^{S^ x S^): {E^E, {«!, 02}, P2}, z). It is clear from the defini- 
tions now that the two composite maps agree. □ 

Lemma 4.16. Let Wi be the cobordism obtained by adding a one-handle to Y and W2 
be the two-handle attached along any knot K which cancels the one-handle. Then, the 
induced map 

HF°{Y,s,M) ^ HF°{Y,s,M) 

corresponds to the identity map. 

Proof. Fix a Heegaard diagram (S,q;,/3, 2;) for Yi. Let {E,a, f3,'~f, zq) be a Heegaard 
triple where E is a. genus one surface, a and (5 are exact Hamiltonian translates of one 
another, and 7 is a curve meeting both transversally in a single intersection point. In 
fact, if we consider the Heegaard triple 

(S#E,a',/3',y,^') = (S,a,/3,7,^)#(^,«,/5,7,^o), 

where the 7 are small Hamiltonian translates of the /3, then this Heegaard triple rep- 
resents a two-handle Kq which cancels the one-handle in y x {S'^ x S^) which was just 
introduced. The model case calculation in E now shows that the map induced by the 
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composite induces the same map in homology as the map 

CF°°(a,/3,5) CF~(aU{Q;},/3'u{7},5). 

given by 

[x,i] ^ [x' X {c},i], 

where c e a fl 7 is the unique intersection point in E, and x' is the intersection point 
of Tq, n closest to X e n T^: thus, this is equivalent to the map induced by 
stabilization. 

More generally, if we choose another two-handle K which cancels the given one-handle, 
we claim that the induced composite is the same. This can be shown by constructing a 
Heegaard diagram for which the induced S belonging to the framing of K differs from 7 
by a sequence of isotopies and handleslides across the (3g}. This follows from the 

fact that, if we surger out the {f3[, from T,^E, we arc left with a torus, in which 

7 and 6 are two curves which meet the remaining /3 transversally in a single transverse 
intersection point (after isotopies, if necessary). Thus, in this torus, 7 and 5 are isotopic. 
It follows then that the two maps 06/3,7 ®0/3,<5 (where here S — {Si, Sg, S}, and 
Si for i = l,...,g are small, Hamiltonian translates of the corresponding f3i) which 
correspond to and F^^ agree after we post-compose the second with multiply the 
the second with (8)65,7, which in turn corresponds to a strong equivalence between two 
Heegaard diagrams belonging to the same three- manifold 1^ = 13. □ 

Dually, we have the following: 

Lemma 4.17. Let Wi be the cobordism obtained by attaching a two-handle to Y along 
a framed knot K, and let W2 be a three-handle attached along a two-sphere which cancels 
the knot. Then, the composite 

E^w„.°El,,. Hr{Y,s,M)^HF°{Y,s,M) 

corresponds to the identity map. 

Proof. The proof follows from "turning around" the proof of Lemma 4.16. □ 

Proof of Theorem 3.8 Consider the Kirby calculus picture for the cobordism W 
(see [5] , [4] ) . Any two such pictures can be connected by a sequence of pair cancellations 
and additions, and a sequence of handleslides (Kirby moves). In fact, since 1^ is a 
connected, manifold-with-boundary, W has such a description with no zero- or four- 
handles; moreover, any two such descriptions can be connected through a sequence of 
Kirby moves which never introduce new zero- or four-handles. On the other hand, the 
above lemmas ensure that the map is invariant under all the Kirby moves, and 
hence, it is a four- manifold invariant. □ 
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For the untwisted case (Theorem 3.1), when we wish to construct the map 
without the action of the exterior algebra of Z)/Tors, we can appeal directly 

to Theorem 3.8 above. Specifically, suppose that W is a. cobordism from Wi to W2. 
Taking trivial coefficients M = Z for H^{Y; Z), then we have that the induced module 
M{W) ^ Z[H^{W, Y2)]. There is a canonical map of Z[H\Y2; Z)]-modules 

e: Z[H\W,Y2)] Z; 

so we can define to be the composite 

Equivalently (c.f. Equation (7)), we can construct the untwisted maps for cobordisms 
using the untwisted triangle construction, and observe that the proof of Theorem 3.8 
(and all its lemmas) adapts with notational changes to prove Theorem 3.1. We adopt 
this point of view, when including the action of the one-dimensional homology. 

Proof of Theorem 3.1 To construct the invariant as a map 

F^y. HF°{Y,, ti) (g) A*{H,{W, Z)/Tors) HF°{Y2, ta), 

in general, we proceed as follows. 

As before, we split W — Wi Uy/ W2 Dy^ W3, where Wi and W3 are collections of one- 
and three-handles respectively, and W2 is the cobordism induced by the two-handles. 
Let X C W2 be the four-manifold obtained from a Heegaard triple for W2 (i.e. X is the 
four-manifold underlying a Heegaard triple subordinate to some bouquet for the link L 
describing W2). Clearly, W is obtained from X by adding three- and four-handles, so in 
particular the inclusion determines an isomorphism Hi(X) = Hi(W). Thus, we define 
for each 7 e A*(ii'i(W^)/Tors) ^ A*(ii'i(A:)/Tors), 

where we now use the extended triangle map for F° using the exterior algebra on the 
one-dimensional homology (c.f. Lemma 2.6). 

The proof of Theorem 3.8 now adapts with the following observations. First, note that 
equivalences ^ of Heegaard diagrams induce maps on Floer homology which are equi- 
variant under ifi(y) /Tors-actions. Thus, we can include the action in the analogue of 
Theorem 4.4: if (Ei, ai, 7i, zi) and (S2, 0.2, (^2, 72, Z2) are a pair of Heegaard triples 
subordinate to two bouquets for a link in Y, then the following diagram commutes: 

HF°(cxi,(3^,s\Y)0 A* {H^{X) /Tors) i/F°(ai, 7i, 5|y(L)) 

HF%cx2,P2,s\Y) A*iH^{X)/ToTs) HF°{cx2n2,s\Y{h)) 

□ 
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The treatment of one- and three-handles goes through again with only notational 
changes. We observe that the map 

is equivariant under the action of Hi{Y)/Tors. (This was established in the the precise 
formulation of Proposition 1.5 of [12], which is Proposition 7.9 of [12].) It follows easily 
that if W and W differ by the addition of a cancehng pair of one- and two-handles, 
then the induced maps F^^^ and F^, ^, thought of as maps including the exterior algebra 
action, agree. The result now follows. 

4.5. Finiteness. We turn now to Theorem 3.3. 

Proof of Theorem 3.3. It suffices to consider the case where W consists only of 
two-handles. Let (S, ck, f3, 7, z) be a subordinate Heegaard triple, which we can assume 
is strongly 5-admissible (in the sense of Definition 6.8 of [12], see also Subsection 2.3 of 
the present paper). Note that this admissibility condition depends on s only through 
its restriction to the boundary. We wind further to achieve the following additional 
admissibility condition: we arrange that each triply-periodic domain with nz{V) = 
has both positive and negative coefficients. It is easy to see that under this hypothesis, 
for each x e flT^, B e Tj^HT^ and y G Tq, flT^ and for each integer j, there are only 
finitely many homotopy classes of maps ip e 7r2(x, y,w) with nz{ip) = j which support 
holomorphic representatives. Both finiteness conditions are now clearly satisfied. □ 

4.6. Composition laws revisited. The composition laws for cobordism invariants 
follows readily from the definitions, together with the version of the composition law 

already stated for links (c.f. Proposition 4.9). But first, we must verify that we can 
commute two-handle additions past one-handle additions; and similarly, three-handle 
additions commute past two-handle additions. 

Proposition 4.18. Let L, G Y be a link in a three-manifold, and let L' be the cor- 
responding link in the three-manifold Y' — y#(#"(S'^ x S^)) obtained by attaching 
one-handles. Then, the following diagram commutes: 

HF_°{y,s\Y) i/F°(F(L),s|F(L)) 

HF_°{Y\s\Y') HF°{Y'{l.'),s\Y'{V)). 

Proof. This follows immediately from the gluing result for holomorphic triangles. 
Theorem 2.14, together with the model case of a torus with three (homologically non- 
trivial, simple, closed) curves in the torus which arc exact Hamiltonian translates of 
one another. (In fact, we have verified this proposition in a special case when we 
showed in Theorem 4.10 that G° commutes with the maps induced by equivalences of 
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Hecgaard diagrams; but the case where the horizontal map is induced more generally 
by a Heegaard triple, the proof is no different.) □ 

Similarly, we have the following: 

Proposition 4.19. Let L' (ZY' be a link in a three-manifold, which is disjoint from a 
non-separating two-sphere S <ZY' , then the following diagram commutes: 

HF_°{Y',s\Y') HF°{Y'{V),s\Y'{V)) 

jpO jpo 

Si-U,s — i/(L),s 

HF_°{Y,s\Y) i7F°(F(L),s|r(L)), 

where Y is the result of adding a three-handle to Y' along S, and (Z Y is the link 
induced from L'. 

Proof. We construct the Heegaard triple (S', a', /3', 7', z') for Y' so that the last curves 
are a^+i, j3gj^i and 7^+1 are small Hamiltonian isotopic translates of one another, all 
supported inside a summand £^ of S' = so that the ol = {ai, a^}, (3 = 

{(3i,...,Pg} and 7 = {7i,---,7p} are supported inside E. Then, (E,a,/3,7, ^) is a 
Heegaard triple for L C Y, and the result follows from the gluing for holomorphic 
triangles with the model calculation of {E, ag+i, 7g+i, -^o) ^ before. □ 

Proof of Theorem 3.9. The proof is now follows easily from Propositions 4.9, 4.18, 
and 4.19. □ 
The need to sum over Spin"^ structures for the composition law in the untwisted case 
follows from the corresponding fact in the associativity of the triangle construction. 
This results in the following analogue of Proposition 4.9 in the untwisted case: 

Proposition 4.20. Suppose thatWi andWi are composed entirely of two-handles, then 
there are choices of sign for F^^^^^ and F^^ ^^ with the property that 

{sGSpin''{Wi#W2)\s\Wi=si,s\W2=S2} 

More generally, given Ci e A*(-H'i(H^i; Z)/Tors) and (2 e A*{Hi{W2,Z)Tots), we have 
that 

Fw2,.SC2 ® i^^„s.(Ci ® •)) = E Fw,#W2,.{C^ ® ■), 

{seSpin'={Wi#W2)\s\Wi=Si,s\W2=S2} 

where £ A* {Hi{Wi^W2) /Tors) is the image o/Ci <8) C2 under the natural map. 
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Proof. Apply the proof of Proposition 4.9, only using associativity in the untwisted 
case. Let (S, ck, /3, 7, 2;) and (E, a, 7, 5, 2;) be the two Heegaard triples constructed in 
the proof. To verify that the action of Hi is respected as claimed, we represent the 
action of Ci £ Hi{Xa,/3,'y; Z) = Hi{Wi) by the action of a class from Hi{Ya^p), which in 
turn is a constraint from H^{Ta)- It follows immediately that: 

{seSpin=(m#W2) |fi|m=fii,s|W2=S2} 

(where the element Ci appearing on the right-hand-side is to be interpreted as the 
image of Ci inside Hi{Wi^W2]^)). Classes C2 coming from Hi{Xa,'y,5) = Hi(W2) can 
be represented by classes from Hi{Ya,s)-i to get the corresponding equation that: 

Fw,,.SC2 ® ® •)) = E Fw,#wUC2 ® ■)■ 

{se Spin= ( # W2 ) I fi| =fii ,s| W2 =S2 } 

□ 



Proof of Theorem 3.4. With Proposition 4.20 replacing Proposition 4.9, the proof 
of Theorem 3.9 applies. □ 
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5. Duality and Conjugation invariance 

In the present section, we describe duality for the maps, and the closely related 
conjugation invariance. 

5.1. Duality. We discuss duality for the maps associated to cobordisms, proving The- 
orem 3.5 and 3.6. But first, we recall some aspects of duality for the homology groups 
of a three-manifold. 

If F is a three-manifold, then we can think of Spin'^(F) structures as equivalence 
classes of nowhere vanishing vector fields. Since a nowhere vanishing vector field over 
Y can also be viewed as a vector field over —Y, we get a naturally induced bijection 

Spin"(r) = Spin'^(-r). 

In terms of Heegaard diagrams, if the diagram (E, a, /3, z) describes —Y, then (— E, ot, /3, z) 
describes Y. Under the above identification, if x e T^flT^ is an intersection point, then 
the Spin'^ structure induced by x and the basepoint z for the first Heegaard diagram 
agrees with that induced by x and z for the second diagram. 

We define a pairing 

{,): CF°°{Y,s)^CF^{-Y,s) Z, 

by the formula 

1 if X = y and i + j + 1 — 



^f'^'^^'t^'-^]^ - I otherwise 



where we are using (E, a, /3, z) for Y and (— E, a, /3, z) for —Y as above. 

Lemma 5.1. Under the above pairing, we have the identities: 

(8) (Cd^yv) = {d?^,v), 

(9) {i,uv) = m,v)- 



Proof. Now, precomposition of the reflection of the disk across the real axis gives a 
map from 7r2(x, y) to 7r2(y,x) which identifies the j-holomorphic maps in E with the 
(— j)-holomorphic maps in — E (indeed, if Jt is a one-parameter family of almost- complex 
structures over Sym^(E), then this reflection identifles the J^-pseudo-holomorphic maps 
with the (— Jt)-pseudo-holomorphic maps in Sym^(— E)). The first formula follows. The 
second formula is immediate. □ 

According to Equation (8), the pairing we have defined descends to give pairings 

{,): HF°°(Y,s)®HF°°(-Y,s) — > Z, 
{,): HF+(Y,s)®HF-(-Y,s) — > Z. 
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Indeed, according to Equation (9), for this second pairing. H F^.^,^{—Y, s) pairs trivially 
with the image of HF°°(Y,s) inside HF^^{Y,s); thus, we obtain an induced pairing 

(, ) : HF+^iY, s) ® HF~^i-Y, s) Z. 

In the case where Ci(s) is torsion, the pairing (on the level of chain complexes) induces 
an isomorphism between the chain complex for CF^(Y,s) and the cochain complex for 
CF-{-Y,s). 

If 1^ is a cobordism from Yi to Y2, then, W can also be thought of as a cobordism 
from —Y2 to — Yi- We show that 

HF+(Y,,s\Y,) HF+(Y2,s\Y2) 

is adjoint (under the above pairing) to the map 

F^^,: HF-{-Y2,5\Y2) HF{-Y^,5\Y^), 

as stated in Theorem 3.5. 

Proof of Theorem 3.5. When viewing W as a. cobordism from —Y2 to —Yi, three- 
handles are viewed as one-handles, the one-handles are viewed as three-handles, and 
the collection of two handles are viewed as another dual collection. 

In particular, we consider the case where W consists of a single one-handle, attached 
to Yi = F to obtain I2 = Y41^{,S^ x S"^). Suppose that Yi is represented by (S, a, /3, z), 
and then that Y2 = (S, a, f3, z)i^{E, ao, j3o, zq) where (£"0, ao, /3o, ^0) is a standard Hee- 
gaard splitting of x S^. Then, we can alternatively think of the cobordism as going 
from —Y2 = (— S, ex, (3, z)^{—E, ao, (3q, zq) to (— E, a, (3, z) by attaching a three-handle 
to the two-sphere specified by the pair ao and (3q. Now, as defined in Subsection 4.3, 
F^ is the map taking [x, i] to [x x {6'},i], where 9 is the intersection point of cto H 
which has higher Maslov index. But viewed as an intersection point for {—E, ag, (3q, Zq), 
9 has lower Maslov index. It follows then immediately from the definition of the map 
on three-handles (c.f. Subsection 4.3), that F^^ as a map from the homology Yi to Y2 
is dual to F^^ as a map from the homology of — Y2 to — Yi. The result follows with 
notational changes when W is obtained as a union of one-handles (or three-handles). 

We now focus on the case of two-handles. Let (E, a, /3, 7, z) be a Heegaard triple sub- 
ordinate to some bouquet for the link L C Y. Then, the Heegaard triple (— E, a, -7, /3, z) 
is a Heegaard triple subordinate some link L' C — Y(L), on which a surgery gives — Y. 
We must compare holomorphic triangles for these two Heegaard triples. 

Observe that there is a unique antiholomorphic involution R of the triangle A with 
edges a, f3, and 7. which switches the [3 and 7 edges and maps the a edge to itself. 
Precomposing ip' with R induces an identification for each x e Tq fl Tp, w e T/j fl T-y, 
y e n of classes 

7r2(x,w,y) = 7r2(y,w,x) 
which carries all the E-holomorphic to — E holomorphic data: a*e(^) = A*-s(^ ° R) and 
•M.-e{'4') — Al-s('0°-R)- Since R reverses orientation, we have that n^{'4>oR) — nJ^(V'). 
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Thus, 



(F+,([x,i]®[w,i]),[y,/.]) 



{V'e7r2 (x,w,y) /iE (V>)=0,Sz {if>)=s,nz {ip)=i+j+k+l} 



E 



#A<-i:('«') 



{V'e7r2 (y,w,x) (V')=0,Sz(«/')=s,n2 (i/')=i-|-j+A:+l} 



([x,^],ii%([y,A;]®[w,j]). 



Observe next that if is some chain in CF-^[(3, 7, z) representing a generator for the 
highest dimensional non-trivial homology of HF-'^{j^'"'{S^ x S'^),Sq) (where we are using 
the Heegaard diagram (E, /3, 7, z)), then © can be viewed as a chain for CF-°(7, /3, z) 
(using — E as the dividing surface); as such it will also represent a generator for the 
highest non-trivial homology of HF-^{^'^{S^ x S'^),So) (this follows from the conjuga- 
tion invariance of the three-dimensional groups, together with the observation that Sq 
is fixed under conjugation). The theorem follows similarly when W is composed of a 
collection of two-handles. The general case follows, combined with the remarks on one- 
and three-handles at the beginning of the proof. □ 

5.2. Conjugation invariance. Recall that if (E, a, /3, z) is a Heegaard decomposition 
for Y, then (— S, /3, ck, z) also represents Y, and if x G n T^g is an intersection point, 
then the two Spin'^ structure associated to x using the two Heegaard diagrams are 
conjugates of one another. This induces isomorphisms 



We wish to prove the corresponding conjugation invariance of maps associated to 
cobordisms. But, first we prove a technical lemma, regarding the invariant of maps 
associated to framed links. 



Consider a framed link h G Y. Wc call a Heegaard triple (E, 6, a, 13, z) left- subordinate 
to a bouquet for the hnk if Ys,a = #^{S^ x S^), r„,/3 = Y, and Ys,a = Y(L). We define 



where Qs,a is, once again, a top-dimensional generator of HF-'^{^^{S'^ x S^),So). This 
agrees with F^^, as defined in Subsection 4.1, according to the following: 

Lemma 5.2. The invariant of the link K^^ agrees with F^^ up to sign. 



Ty- HF°{Y,i) 



HF°(Y,t). 



a link invariant 




^M(0 = r(e>5,a®e,s), 



Proof. For each link, we can find a Heegaard quadruple 

(E,<J,a,/3,7,^) 
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with the property that {H,5,(y., /B, z) is left-subordinate to h C Y, (S, ck, /3, 7, 2;) is 
subordinate (in the usual sense) to the link h G Y, (S, (5, /3, 7, 2;) is subordinate to 
a cobordism from Y to Yjj^^[S^ x S"^) (obtained as zero-surgery on an n-component 
framed link), and (E, <5, 01,7) is left-subordinate to the same cobordism. Moreover, the 
Heegaard diagram (S,5,7, ^) is equipped with n distinguished two-spheres which can 
be cancelled (by adding three-handles) to obtain a Heegaard diagram for Y back. We 
then consider the diagram 



//F+(a,As|^a,/3) 



HF+{6,^,s\Ys,p) 



/+(-(g>e^j,^,B) 



/+(-®0/3,7.«) 



//F+(a,7,5|y«,^) 



/+(e«,„®-,s) 



HF+{6,-i,s\Ys,,), 



which commutes by the usual associativity. Post- composing with the three-handles, 
(which cancel the two-handles whether they are added "from the left" according to 
Lemma 4.17, as in the bottom row above, or "from the right" according to a suitably 
modified version of that lemma, as in the right column), we see that the result follows. 

We have pictured the Heegaard quadruple in the case where the hnk has a single 
component, c.f. Figure 5. 

□ 

We can now prove the conjugation invariance of the maps associated to cobordisms. 




Figure 5. Heegaeird quadruple from Lemma 5.2. Let 5x — 5 

and 5i be a small isotopic translate of ctj for i > 1; let 71 = 7 and 7^ 
be a small isotopic translate of (3i for i > 1. Then, (S, (5, ck, /3, 7, 2;) is a 
Heegaard quadruple as required by Lemma 5.2. The curves 7 and 5 give 
the two-sphere along which the three-handle can be added. (Here, our 
link has one component; in the more general case, we graft n copies of 
this picture.) 
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Proof of Theorem 3.6. The resuh is obvious for cobordisms consisting only of onc- 
and three- handles. Thus, we focus on the case of two-handles: i.e. W = W{h) for some 
framed link L C F inside Y = Yi. Let (E, a, /3, 7, z) be a Heegaard triple subordinate 
to some bouquet for the link. Then, (— E,7,/3, a) represents the same oriented four- 
manifold, and indeed, it is left-subordinate to the link h (ZY. We claim that for each 
chain ^ e CF°{oc, (3,s\Y), 

(Here, as usual, is a generator for the top non-zero homology group of ifF-°(#"(S'^ x 
S^),5q), and so is :3#"(S2xSi)(0/3,7) = ©t,/?-) This comes from an identification between 
holomorphic triangles for the two Heegaard triples which is defined by pre-composing 
triangles t/j e 7r2(x, w,y) by the anti- holomorphic involution of the p triangle which 
preserves the f3 edge and switches the a- and 7-cdgcs. 

We claim that this pre-composition induces conjugation on the level of (four-dimensional) 
Spin'^ structures. More precisely, if 

$ : X(E, «, (3, 7, z) X(-S, 7/3, a, z) 

is the obvious difi^eomorphism of four-manifolds associated to Heegaard triples, then 

$*(s,(«op)) ^a(5.(«)). 

This can be seen on the level of the two-plane fields which determine the Spin'^ structures 
(see 6.1.4 of [12]): the (singular) two- plane fields ^*{Sz{u o p)) and Sz{u) agree, only 
they have opposite orientations. 

Conjugation invariance now follows from these observations, together with Lemma 5.2. 

□ 



52 



PETER OZSVATH AND ZOLTAN SZABO 



6. Blowing up 



The "blow-up formula" stated in Theorem 3.7 can be reduced to a calculation in a 

genus one surface. 

Consider a Heegaard triple {E, {ao}, {/3o}, {70}, 2^0) where ao, Po, 70 are three curves 
each meeting pairwise in a single intersection point, as pictured in Figure 6 (with sub- 
scripts dropped). This Heegaard triple is subordinate to the unknot in the three-sphere 

with framing —1: i.e. the underlying four-manifold is CP punctured in three points. 

Let xq = aoH Po, ?/o = /^o H 70, and wq = aoH 70, wc have that n2{xo, yo, wq) = Z, and 
each homotopy class represents a different Spin^ structure s. Choosing the basepoint as 
in Figure 6, we have a family of homotopy classes {^^} indexed by a sign and a positive 
integer k, with 



(compare Proposition 10.5 of [12]). Each homotopy class has a unique, smooth holo- 
morphic representative, so that jj^A4.{ip^) = ±1. 
We will use the following: 

Lemma 6.1. Let {■(/'^j^j^ he the family of triangles described above, and let E e 
i?2(CP ; Z) be a generator. Then, 



The proof is deferred to Subsection 6.2, after we estabhsh a more general formula for 
the first Chern class of the Spin'^ structure underlying a Whitney triangle, in terms of 
combinatorial data in a Heegaard triple (Proposition 6.3). 

Proof of Theorem 3.7. The cobordism W can be expressed by a single two-handle (an 

unknot in Y with framing —1). Let (S, ck, /3, z) be a genus g Heegaard diagram for Y . 
Let 7 be small isotopic translates of the (3. Then, the connected sum of (S, ck, /3, 7, z) 
with (ii^, {cto}, {/5o}, {70}, 2:0) is a Heegaard triple which is subordinate to the unknot 
with framing —1. The theorem then follows immediately from the above observations, 
together with the gluing theorem for holomorphic triangles Theorem 2.14. □ 

6.1. The first Chern class formula. We give a formula for calculating the evaluation 
of the first Chern class of a Spin*^ structure over X, as specified by a Whitney triangle and 
a base-point, on a two-dimensional homology class in X, as specified by a triply-periodic 
domain. This quantity is expressed purely in terms of data on E (compare [12], for an 
analogous calculation in dimension three). This formula is used to establish Lemma 6.1 
above. 



0, 

k{k-i) 
2 
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To state the formula, we define certain quantities associated to triply-periodic do- 
mains and classes in 7r2(x, y,w): the Euler measure, and the dual spider number. 

Fix a triply-periodic domain V, thought of as a two-chain in S which spans some triple 
(a, 6, c) e Span([Q;i]f^;^) ® Span([/3j]|^;^) ® Span([7j]^^^). We define the Euler measure 
x(P) as follows. Find a representative 

F — > E 

representing T', where F is a two-manifold with boundary, and where $ which is an im- 
mersion in a neighborhood of dF. The line bundle $*(T'E) has a canonical trivialization 
over dF, since $ induces an isomorphism 

TF^ $*(rE), 

and TF is canonically trivialized near OF (using the outward normal orientation on F). 
We define x(P) to be the Euler number of $*(TE), relative to this trivialization at dF, 

x(P) = (ci(r(rE),9F),F). 
Lemma 6.2. Writing a triply-periodic domain 

we can calculate the Euler measure by the formula 

xi'P) — ^^^i fx(iiitX>) — -{^corner points of F)j , 
where the corner points are to be counted with multiplicity. 



Proof. Endow E with a Riemannian metric g for which the a, /3, and 7 are simul- 
taneously geodesies, any two of which meet at right angles, and let $ : F — > E be a 
branched cover representing V. The relative Chern class of $*(TE) is calculated by 
Jp,^*{Kg), where Kg is the Gaussian curvature of the metric g; which in turn can be 
calculated locally over each V using the Gauss-Bonet formula to give the formula stated 
above. □ 

Next, we set up the dual spider number of a Whitney triangle 

u: A — > Sym^(E) 

and a triply-periodic domain V. 

Note first that the orientation of E, and the orientations on all the attaching circles 
a, f3, and 7 naturally induce "inward" normal vector fields to the attaching circles (i.e. 
if 7 : — > E is a unit speed immersed curve, this inward normal vector is given by 
J^). Let al, j3[, and 7^ denote copies of the corresponding attaching circles a[, j3[, 
and 7j', translated shghtly in these normal directions. Let a', (3' , and 7' denote the 
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corresponding g^-tuples, and T^, T^, and T^^ be the corresponding tori in Sym^(E). By 
construction, then, u{ea) misses T^, 'u(e^) misses T'^, and ■u(e^) misses T'^. 

Let a; e A be a point in the interior, chosen in general position, so that the gf-tuple 
u{x) misses all of a', /3', and 7'. Choose three paths a, b, and c from x to eo, ei, and 62 
respectively. The central point x and the three paths a, b, and c is called a dual spider. 
We can think of the paths a, b, and c as one-chains in S. Recall that dV has three 
types of boundaries: the a, (3, and 7 boundaries, which we denote daV, dpV, and d^V. 
Let d'^V, d'pV, and d'^V respectively denote the one-chains obtained by translating the 
corresponding boundary components using the induced normal vector fields. The dual 
spider number of u and V is defined by 

a{u, V) = n„(,)(7') + #(a n d'^V) + #(6 n d'^V) + #(c n d'^V). 

It is elementary to verify that a{u,V) is depends only on the homotopy class of u 
and the periodic domain V; in particular, it is independent of the choice of dual spider 
used in its definition. 

Proposition 6.3. Fix a Whitney triangle u, a base-point z, and a triply-periodic do- 
main V , whose boundary represents the two-dimensional homology class H{V) e H2{X; Z) 
Then, 

(10) (ci(5.(«)), H{V)) = x{V) + #{dV) - 2n,(P) + 2a(w, V). 

Proof. To calculate the first Chern class, we adopt the notation from Subsection 6.1.4 
of [12], where the Spin'^ structure belonging to a triangle is constructed. The construc- 
tion is done by constructing a two-plane field £ in X, which is defined away from a finite 
collection of balls in the four- manifold X. We make use of the complex decomposition 
TX C® C-^ (which holds wherever C is defined) , so that 

ci{TX)^ci{C®C^). 

Consider the representative for H{V) constructed earlier. We can assume that this 
representative misses the locus in X where the two-plane field L is undefined. We think 
of its projection to A is a dual spider for m, with arcs a, b, and c. 

Note that £^ has a nowhere-vanishing vector field defined on the support of our 
representative, so its first Chern class evaluates trivially. (Such a vector field can be 
obtained by pulling back a vector field defined over the triangle which does not vanish 
on the support of the dual spider.) Thus, 

{c,{bM)IH{V))^{c,{CIH{V)). 

Now, we perform the Chern class evaluation in three parts: the region over the center 
point of the spider, where the representative is identified with the periodic domain P, 
the region over the three legs a, 6, and c, where the representative is given by a number 
of cylinders, and the regions in Ui x Cj (with i — a, (3, or 7), where the representative is 
given by a collection of disks. To justify this, recall that C\dV is canonically identified 
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with the tangent bundle to F, where it has a canonical trivialization, given by the 
tangents along the curve. Similarly, over the other three boundary points of a, b, and 
c respectively, C is identified with the tangent bundle to the disk, and then calculate 
the first Chern number of C by evaluating the three corresponding relative first Chern 
numbers. 

For the region over the central point x in the spider, we have the identification 
jC = TE, away from tubular neighborhoods of the g + 1 points u{t) and z. Indeed, by 
a local calculation around these g + 1 special points (see Lemma 5.3 of [12]), it follows 
that 

(e(A9F),F) 

= (e($*(rE), dF), F) + 2#{x e F|$(x) e u{t)} - 2#{x e F|$(x) = z} 

= x{V) + 2n^(^r)iV)-2n,{V). 

Consider, next, the cylinders and then the caps which are added to F to obtain the 
representative in X - these cylinders consist of some number of copies of x a C E x A, 
(3'^ X b G E X A, and 7^' x c C E x A, followed then by some number of caps. Over 
the cylinder ctj x a, the restriction of C is also canonically identified with the tangent 
bundle of the cylinder, except at r e a for which u{t) meets a[. In a neighborhood of 
each such crossing, the tangent bundle to the cyhnder and the actual two-plane field 
jC differ by a relative Chern number of 2 (this is the same as the contribution of the 
points X E F mapping to u{t)). The contribution of the /S^' and 7^' works the same way. 
Hence, the contributions from the cylinders is: 

2#(an«0 + 2#(&n/50 + 2(cn70- 

Finally, each closing disk contributes a relative Chern number of 1, since over each 
disk, C is canonically identified with the tangent bundle, but the trivialization on the 
boundary is the one induced by the tangent to the boundary. Adding this up, we get a 
contribution 

g 

\ai\ + \bi\ + \ci\. 

1=1 

Adding up all the contributions, we obtain Equation (10). □ 

6.2. Examples with g — 1. Lemma 6.1 is a straightforward application of Proposi- 
tion 6.3 at this point. 

Proof of Lemma 6.1 

Consider the genus one Heegaard triple {E , {ao} , {^q} , {jq} , Zq) for CP (punctured 

in three points) pictured in Figure 6. 

In the picture the multiplicities illustrated represent the triply-periodic domain asso- 

— 2 

ciated to an embedded two-sphere E C CP with self- intersection number —1. 
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According to Proposition 6.3, the shaded triangle - ip^ in the notation at the begin- 
ning of the section - represents a Spin'^ structure with (ci(s), [E]) = 1. Specifically, this 
periodic domain has 

= 3 
n,{V) = 
a{^t,V) = -1. 

For ip'^, the only quantity which changes is cr{ip'i^, V) — k—1, which gives {ci{xjj'j^), [E]) - 
2k + 1. The formula (ci('0^), [E]) — —2k — 1 follows symmetrically. □ 




Figure 6. Three curves in the torus. Note that the square is to be 
given the usual edge identifications in this picture. The dotted lines in- 
dicate the translates of the a, /3, and 7 curves, oriented as boundaries 
of the triply-periodic domain whose multiplicities are shown. A dual spi- 
der is included for the small shaded triangle. Since its vertex meets the 
periodic domain with multiplicity —1, and its legs are disjoint from the 
translated attaching circles, the dual spider number is —1, so the evalua- 
tion {ci{s),E) = +1. 
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7. Absolute gradings 

Let Y be an oriented three-manifold, equipped with a torsion Spin*^ structure (i.e. 
one for which Ci(t) is torsion). We have seen that HF°(Y,i) is a relatively Z-graded 
Abelian group: it is generated by homogeneous elements 21, on which there is a relative 
grading function 

gr: 21 X 21 — > Z. 

Theorem 7.1. Let t be a torsion Spin'^ structure. Then, the homology groups HF°{Y, t) 
can be endowed with an absolute grading 

gr: 2l^Q 

satisfying the following properties: 

• the homogeneous elements of least grading in HF~^{S^,So) have absolute grading 
zero 

• the absolute grading lifts the relative grading, in the sense that ifC^V ^ 21, then 

E^itv) =gr(0 -gr(?7) 

• the natural maps l and tt in the long exact sequence (Equation {2)) preserve the 
absolute grading, while the coboundary map decreases absolute degree by one, and 

the U action decreases it by two. 

• if W is a cobordism from Yi to Y2 endowed with a Spin*^ structure whose restriction 
ii to Yi is torsion for i = 1,2, then 

where U = s\Yi for i = 1,2 

To define gr, we present F as a surgery on a link L C 5''^, so that t is the restric- 
tion of a Spin'^ structure 5 over the induced cobordism W{S^,'L) from to Y. Let 
(E, ot, /3, 7, z) be a Heegaard triple subordinate to some bouquet for the link (in the 

sense of Defintion 4.2), so that ^ S^, Yp^^ ^ #"(5^ x S"^), and ^ Y). Fix 
intersection points Xq G T^nTg, Xi G T^flT^ so that Xq resp. Xi are in the same degree 

as the highest non-zero generators of HF{S^, to) and HF{^"'{S'^ x S^), to) respectively. 
(We say simply that the intersection points Xo and Xi lie in the canonical degree.) 
We define the absolute grading on CF{Y, t), by letting (for each y G fl T^) 

(12) gr(y) = -/x(V') + 2n,{iP) + ^ ^ 

where W — W(L), and t/j G 7r2(xo,Xi,y) is a homotopy class whose Spin"^ structure 
Sz{ip) — s. This induces an absolute grading on CF°°(Y, t) by 

gr[y,i] = 2i + gr(y), 
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and hence on the sub- and quotient-complexes CF (Y, t) and CF+(y,t) (so that the 
inclusion and projection preserve grading). 

7.1. Invariance of the absolute grading. We show that the grading defined above 
is well-defined (depending only on the three-manifold and Spin*^ structure), and satis- 
fies the requirements of Theorem 7.1, in a sequence of steps which are reminiscent of 
the link invariant constructed in Subsection 4.1. Commutative diagrams coming from 
associativity are replaced by (more elementary) index statements. 

The definition of the absolute grading as defined in Equation (12) depends on a 
link L C S^, a Spin'^ structure s G Spin'^(iy(L)) extending t, and a Heegaard triple 
(E, a, /3, 7, z) subordinate to some bouquet for the link. 

Proposition 7.2. The absolute grading defined in Equation (12) is independent of 
the bouquet B(L) for the link, and the subordinate Heegaard triple. Specifically, if 
(El, CKi, 7^, 2;i) and (S2, 0:2, /32) 72) -^2) cl^^^ P^^ii" of Heegaard triples then the ab- 
solute grading induced by first Heegaard triple on a homogeneous ^ G HF°{a.i,^i,t) 
agrees with the absolute grading induced by the second Heegaard triple on '^{^) G 
i?F°(a2, 72, t), where 

//F°(ai,7i,t) i/F°(a2, 72, t) 

is the isomorphism induced by the equivalence of Heegaard diagrams. 

This is shown in a sequence of steps. 

Lemma 7.3. For a fixed Heegaard triple (E, a, /3, 7, 2;), the absolute grading is inde- 
pendent of the choices of Xq and Xi in the canonical degree, and independent of the 
particular triangle ip G 7r2(xo,Xi,y) used in its definition. 

Proof. First, we show independence of the particular triangle: i.e. fix a Heegaard 
triple subordinate to some bouquet for the framed link L, G S^, and intersection points 
Xo, Xi as before. Suppose that t/j^t/j' E 7r2(xo, Xi, y) are a pair of triangles with Szi'i/^) — 
s,{iIj') = s. Then, 

ip' = '4j + (jy^^p + 0^^^ + + i[S], 

where 0^,^ are periodic domains for y^_^, and S is the generator of 7r2(Sym^(E)). By 
additivity of the Maslov index, the fact that the restriction of s to the three boundary 
components is torsion, and the fact that (ci(TE), [S]) — 1, it follows that 

MV'')=/^(V') + 21 

Moreover, it is immediate that Uzii/j') = ^^(-0) -\- £. Since all the other terms of Equa- 
tion (12) remain unchanged, it follows that gr is independent of G 7r2(xo, Xi, y). In- 
dependence of the choice of xq G fl and Xi G Tg fl follows similarly, with 
the observation that any two intersection points xo,Xq for Tq, n both of which 
lie in the canonical degree can be connected by a Whitney disk G 7r2(xo,XQ) with 
A((0) = n,{(f)) = 0. □ 
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Lemma 7.4. The absolute grading is invariant under stabilizations of the Heegaard 
triple. 

Proof. We stabilize tiie triple (S, cx, /3, 7, z) by forming the connected sum with 
the standard genus one diagram {E,ag+i, (3g+i,^g+i, zq) encountered in Lemma 4.7. If 
■0 e 7r2(xo, xi, y), then its stabilization ■0' = '0#'0o is formed by splicing a standard 
triangle i/jq G 7r2(a;o, yoi "^o) in the genus one surface. Now, ip' G 7r2(xQ, x'^, y') (where 
y' is the stabilization of y, and Xq and x'^ arc corresponding intersection points in 
the canonical degrees for the stabilized diagram) satisfies fi{ip') = and nz'{ip') — 
nz{ip)- Of course, the topological terms in the definition of the absolute grading remain 
unchanged. Thus, gr(y) =gr(y'). □ 

Lemma 7.5. //(S, cx, f3, 7, z) and (S', ol', , z') are strongly equivalent Heegaard triples, 
then the absolute gradings are identified. 

Proof. First, we observe that we are free to change the (3 by an isotopy without 
changing the relative grading. To see this, observe that if '^t is an isotopy carrying (3 
to /3', then we can find intersection points xq G fl Tp, Xi G fl T^, Xq G fl T^^, 
Xi G n T'l^ satisfying the requirements of the definition of the absolute grading, 
and also Whitney disks with dynamic boundary conditions 0o ^ t^2^{^oi'^o) and 0i G 
7r|'*(xi,xi) with /x(0o) = A«(0i) = and 71^(00) = ^t-^C^i) =0. If e 7r2(xo,Xi,y) 
is a triangle representing s, then, wc claim that the triangle with dynamic boundary 
conditions ■0 + 00 + 01 is homotopic to a triangle 0' G 7r2(xQ, x'^, y) with (stationary 
boundary conditions) for the Heegaard triple (S, a, 7). By the homotopy invariance 
of the Maslov index and the local multiphcity, /x('0') = /x(0) and n^(0') = /i('0). A 
similar argument allows us to modify a and 7 by isotopies. 

Next, we claim that if the 7' are obtained from the 7 by a sequence of handleslides 
and isotopies (so that (E,/3, 7', 2;) is still admissible for ^"'{S'^ x S^), and of course, 
(E, a, 7', z) is still admissible for Y), then the induced gradings on Y arc identified. This 
follows from the index analogue of the associativity of triangles. Specifically, suppose 
^ G HF(oc,^) is a homology class, and $(0 is its image under the strong equivalence 
map. Then, there are intersection points y G Tq, fl and y' G fl T^^ in the same 
degrees as ^ and $(^) respectively, and there is also a triangle 0o ^ 7'"2(y, X2, y') with 
^z(0o) = A*(0) = 0, where X2 G Tq, n T^^ is an intersection point in the canonical degree. 
Now, juxtaposing the triangles ^0 G 7r2(xo,Xi,y) and V'o £ 7''2(y, X2, y'), we obtain 
a square 7r2(xo, xi, X2, y'). We claim that there is also a triangle i/j'q G 7r2(xi, x'^, X2) 
with n^(0o) = /"(V^o) = 0' fo^^ 

some x']^ G Pi T^^,; and then also a representative 
-0 G 7r2(xo, x'^, y') with Sz{ip) = s. Now the juxtapositions of + V^o and ip' + ipQ 
represent the same Spin'^ structure for the Heegaard quadruple so, up to adding doubly- 
periodic domains (which leaves /i and unchanged), we see that the two squares 



60 



PETER OZSVATH AND ZOLTAN SZABO 



become homotopic, and hence that fJ^{ipo) + Ai(V') = f^i'^'o) + /^(V'O ^-iid also nz{ipo) + 
nziip) = '^z(V'o) + f^zii^')- It follows that the (S, a, /3, 7, 2;)-induced grading of y (which 
is the grading of ^) coincides with the (E, a, /3, 7', 2;)-induced grading of y' (which is the 
grading of $(^)). We can apply the same arguments to allow handleslides and isotopies 
amongst a and /3 as well. □ 

Proof of Proposition 7.2. Independence of the Heegaard triple subordinate to a given 
bouquet now follows immediately from Lemmas 7.4 and 7.5, in view of Lemma 4.5. In 
fact, independence of the bouquet follows as in Lemma 4.8. In that lemma, we have 
seen that difference choices of bouquet correspond to handleslides amongst the 7, and 
the proof of Lemma 7.5 actually shows that in fact these more general moves leave the 
absolute grading unchanged. 

Since we have not yet established that gr is independent of the link and Spin'^ struc- 
ture, we include them in the notation, writing grL g([y, i]). 

Lemma 7.6. Let Y = S'^(Li) = S^iJJ]), and let Si resp. s'l be Spin'^ structures over 
W{hi), resp W{L,[) whose restrictions to Y agree (and are torsion). Then for any other 
link L2 C and Spin'^ structure S2 £ Spin'^(VF(y, L2)); we have that 

Proof. This is the analogue of the composition law for the link invariant (Proposi- 
tion 4.9). 

Fix a Heegaard triple (S, a, /3, 7, 2;) subordinate to a link, and let G fl T^, 
xi e f] T-y, X2 e n be elements in the same degree as the corresponding 
top-dimensional non-zero homology in HF-^{^^{S^ x S'^)). We define 

gr°(y) = -//(V') + 2n,(V'). 

Let ■01 e 7r2(xo,Xi,y) represent Si, and ■02 £ 7r2(y, X2,w) represent 82- Up to ad- 
dition of doubly-periodic domains (which do not change the Maslov index), we can 
decompose the square obtained by juxtaposing ipi and 1^2 as another juxtaposition, of 
■03 e 7r2(xo,X3,y) and -04 e 7r2(xi, X3, y), for X3 G fl T^, which we can also assume 
hes in the canonical degree. It follows that — //(■04) + 2nz{'^i) — 0. Now, since the 
squares are homotopic, we get that 

-//(V'l) + 2n^(V'i) - /^(V'2) + 2n^(V'2) = -/^(V's) + 2n^(V'3); 

i.e. 

gr°(y) - ix{%l)2) + 2n^(^2) = gr°(w), 
where ^02 G 7r2(y, X2,w). As in the proof of Proposition 7.2 above, it follows that 
— /x(02) + 2n2(^02) depends only on the link L2 (thought of as a link in F), the Spin'^ 
structure S2, and, of course, the gradings of y and w. In particular, it is independent 
of Li and Si. 
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The corresponding excisive property of the other term in gr is obvious. The lemma 
follows. □ 

The three-sphere has a standard absolute grading for which HF{S^) is supported 
in degree zero. 

Lemma 7.7. Let h (Z be the unknot with framing —1. Then the induced absolute 
grading on = S^(h), gr^g induced from any Spin'^ structure over W{L,) agrees with 
the standard grading of HF~^{S^). 

Proof. A Heegaard triple subordinate to the unknot with framing —1 is the stan- 
dard genus one diagram with three curves a, (5 and 7 each pairwise intersecting in 
one point pictured in Figure 6. The Spin*^ structures over W{h) are represented by 
triangles indexed by a sign ± and a non-negative integer A;, as in Proposition 10.5 

of [12]. These triangles have (■(/'/,.) = and nz{ipk) = According to Lemma 6.1, 

{ci{Sz{i'k)): [E]) = ±{2k - 1). It follows that gr[y, j] = 2j, independent of the Spin'' 
structure used over the cobordism (where here y is the unique intersection point be- 
tween a and 7). □ 

Lemma 7.8. Let L, G be the unknot with framing +1 (observe the sign here). Then 
the induced absolute grading on S"^ = 5''^(L), grLg induced from any Spin'' structure over 
W{L,) agrees with the standard grading of HF~^{S^). 

Proof. Let iy(L) be the cobordism, and let H G H2{W{L,);Zi) = Z be a generator. 
Fix a Spin'' structure s e Spin''(iy(L)) with {ci{s),H) = 2k + 1. Let L' be the new 
link obtained from L by adding another unknot, this one with framing —1, and let 
E G H2{W{1j');'Ij) be the new homology class introduced by this unknot. We endow 
ly(L') with the Spin" structure 5' with {ci{s),E) = —2k — 1. After handleshding 
the circle with framing over the circle with framing —1, we obtain a new link L" 
consisting of a pair of circles with linking number one and framings and —1. Thus, 
the cobordism decomposes along S'^ x S"^. It is easy to see that Ci{5')\sixs^ = 0- 

We claim that the induced absolute grading on induced from L" is the standard 
grading. This follows from the fact that for L", we have that the induced grading by 
2i — iJ,{ip) + 2nz{ip) is shifted up by one (this is the shift appearing in the the composite 
cobordism ^ {S^ x S^) =^ S^, appearing in the surgery long exact sequence for the 
unknot - observe also that the relative grading here is an integer, not an integer modulo 
two, since we are factoring through a torsion Spin" structure on 5*^ x S'^). On the other 
hand, it is easy to see that ci(s') = 0, so 
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Since the absolute grading induced by a link is invariant under handleslides (this 
can be seen by adapting Lemma 4.14 in the now familiar manner), it follows that the 
induced grading on by L' is also the standard grading. Finally by Lemmas 7.6 and 
7.7, it follows that the absolute grading induced from the L must be standard, as well. 

□ 

Lemma 7.9. The grading on Y induced by a link L C S"^ and a Spin*^ structure s G 
H^(L) is invariant under handleslides between components of the link. 

Proof. As in Lemma 4.14, if L and L' differ by four- dimensional handleslides, then we 
can find Heegaard triples (S, a, /3, 7, z) and (S, a', /3', 7', z) subordinate to a bouquet 
for L and L', with the property that the a' (resp. f3' resp. 7') are gotten by the a 
(resp. f3 resp 7) by a sequence of handleslides and isotopies. The fact that the gradings 
remain identified now follows from the proof of Lemma 7.5. □ 

Lemma 7.10. Let L, C be any link with the property that S'^(L) = S^. Then for 
any Spin'^ structure s over W{L,), the induced absolute grading on is the standard 
grading. 

Proof. According to a theorem of Kirby (see [5] ) , any two links L and L' which give rise 
to can be connected by a sequence of moves which either: introduce a new, disjoint 
unknot with framing ±1, delete a disjoint unknot with framing ±1, (four-dimensional) 
handleslides amongst the components of L, and isotopies of the components of L. Ac- 
cording to Lemmas 7.7 and 7.8, and 7.9, it follows that absolute grading is unchanged 
under all of these operations. □ 

Proof of Theorem 7.1. We put the above results together to show that the absolute 
grading we have defined is independent of the link and Spin'^ structure used in its 
definition. Suppose that Li and L'^ are a pair of framed links in so that 5'^(Li) = 
S^{h[) ^ Y, equipped with Spin'' structures Si and s[ with Si\Y ^ t ^ s[\Y. Then, 
we fix a hnk L2 C Y with ^(La) = S^, and S2 so that S2\Y = t. Lemma 7.10, the 
gradings on HF'^{S'^) induced by the links Li U L2 (endowed with a Spin^ structure s 
whose restriction to Vr(Li) = Si, and whose restriction to W{Y, L2) agrees with S2) and 
U L2 (endowed with a Spin'^ structure whose restriction to VF(Li) = Si, and whose 
restriction to VF(y,L2) agres with S2) coincide. The result then follows directly from 
Lemma 7.6. 

The fact that the absolute grading is a lift of the relative grading is a direct conse- 
quence of the additivity of the Maslov index and of a triangle under juxtaposition 
with Whitney disks. In particular, the fact that the Hi action decreases degree by one 
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and U decreases degree by two follows. Moreover, the degree is by definition preserved 
by i and tt, and is compatible with the usual grading of HF~^{S^,5o). 

It remains to verify Equation (11). For cobordisms composed of two-handles entirely, 
this equation follows from another application of the index analogue of the associativity. 
Next, let U he a. cobordism from Y to Y^(S'^ x S^) consisting of a single one-handle, 
and equipped with the Spin^ structure t whose restriction to Y is t. We claim that if 
K C F is is an unknot and W is the cobordism from Y to Yjj^^S"^ x S^) obtained by 
zero-surgery on K, then we claim that 

where 7 denotes the action of a generator Hi{Y^{S'^ x S'^);Z) coming from the 
factor, and s is the Spin'^ structure over W which with Ci(s) = 0, and s\Y = t. This 
is an immediate consequence of the Heegaard diagrams (note that F^ is the map 
as defined in Subsection 4.3). Similarly, if V is the cobordism from Y^(S'^ x S^) to Y 
consisting of a single three-handle addition (along a sphere S from the S'^ x factor), 
and W is the cobordism from Y^[S'^ x S^) consisting of a two-handle which cancels 
the two-sphere, then 

±Fy-^ 07 = Fw',B 

for the obvious choices of Spin^ structure over V and W (again, observe that Fy^ is 
the map E^^ from Subsection 4.3). It is an easy consequence of these observations 
(and Equation (11), which we already know holds for the cobordisms W and W) that 
both Fy and Fu increase degree by |, verifying Equation (11) for one- and three-handle 
additions. Thus, the equation follows in general. 

□ 

7.2. Absolute gradings and duality. When t is a torsion Spin'^ structure, there is a 
duality map (an isomorphism): 

V: HF+(Y, t) — > HF_(Y, t) 

which, on the chain level, is defined by Pfx, i] = ([x, i], ■) (in the notation of Section 5); 
i.e. I'fx, = — [x, —i — 1]*. This sets up an isomorphism of relatively graded groups. 
Indeed, we have the following absolutely graded version: 

Proposition 7.11. The map 

V : HF+{Y, t) — > HF:'~^{Y, t) 

is an isomorphism. 

Proof. The following follows from the fact that the absolute grading on is well- 
defined. 
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Let = Y{h) for some link h G Y, and (E, a, 7, /3, z) be a corresponding Heegaard 
triple. Let ip G 7r2(y, xi, xq), with y e Tq, n T^, xi e n T^, and xq G n (where 
xo and xi are as before). Then, 

gr(y) = - 2n,{iP) '-^ 

Now, if (E, a, /3, 7, is subordinate to a bouquet for a link h C (hence represent- 
ing a cobordism from to Y) , then 

(-E,a,7,/3, z) 

represents a cobordism (with only two-handles) from —Y to —S^. We have an identifi- 
cation 

7r2(xo,Xi,y) = 7r2(y,Xi,Xo) 
(where the first group is taken with respect to the first Heegaard triple, the second to 
the second Heegaard triple) by precomposition with the reflection R on the triangle 
which fixes one vertex and switches the other two. Observe that 

//s(V') =/^-s(V'0-R), 

and 

nf(V') = n;^(V'oi?). 

It follows that gry(y) = — gr_y(y). 
Thus, 

gr_yP[x, i] = gr_y [x, -i - 1]* ^ -2i - 2 - gr(x) = -gry ([x, i]) - 2. 

□ 
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8. Mixed invariants 

Let 1^ be a cobordism with b2{W) > 1, then the cobordism has a refined invariant 

F^J: HF-{Y,,s\Y,) HF+{Y2,3\Y2). 

To define this, we need the following basic results: 

Lemma 8.1. Let K G Y be a null-homologous knot in an oriented three-manifold. 
Then the map induced on HF°° by the cobordism W from Y to Y^ (where n is any 
positive integer; i.e. the cobordism has = I) is trivial. 

Proof. In [12], we defined an absolute Z/2Z grading on the Floer homology groups, by 
observing that the Z/2Z-graded version of HF °°(Y) is non-trivial in one degree (which 
we declare to be even). We claim that the map induced by the cobordism W shifts this 
Z/2Z degree. Once we establish this, it will follow that the map 

HFr{Y,5\Y) S~(r„,s|F„) 

is trivial, and hence, by the universal coefficients spectral sequence, it follows that for 
any module M over Z[H^{Y; Z)], the induced map 

F^y. HF^{Y,s\Y,M)^HF^{Yr„s\Yr„M) 

(and, in particular, the untwisted version) is trivial. 

Consider the surgery long exact sequence relating Y,Yo, and Y„: 

... ^ HF+{Y) — ^ HF+{Yo) — ^ HF{Yn) ^ ... 

Observe that Fi and F2 are sums of maps induced by cobordisms. The component 
of Fi which lands in the torsion Spin'^ structure of Yq induces an isomorphism on HF°° 
(with twisted coefficients), so it follows that it must preserve the absolute Z/2Z degree. 
The map F2 shifts absolute Z/2Z gradings; this can be seen by twisting the homology 
of Yq by the Z[if^(Fo; ^)]-niodule, Z[if^(F;Z)] (which, in the torsion Spin'^ structure, 
has homology Z in each dimension). Thus, the composite F2 o Fi shifts absolute Z/2Z 
degrees. 

On the other hand, by the degree shift formula Equation (11) from Theorem 7.1, 
the component of F2 o Fi which factors through the torsion Spin'^ structure shifts the 
absolute grading down by one. This composite corresponds to the map obtained by 
a blowup of W. Clearly, blowing down the two-sphere does not affect the parity of 
the absolute degree shift (again, by the degree shift formula); thus, F^ shifts absolute 
degree down by one as well, modulo two. Thus, it, too, must shift the absolute Z/2Z 
degree. □ 

More generally, we have the following: 
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Lemma 8.2. Let W be a cobordism with &2 (^) > 0- Then the induced map 

F^y. HF^{Yi) HF°°{Y2) 
vanishes. Indeed, for any module M over 'L[H^{Yi]'L)\, the map F_w,e vanishes as well. 

Proof. We can find an embedded surface H G W witfi E ■ E > 0. Let M be 
tlie boundary of the tubular neighborliood of E. By fixing a path joining Yi to E, 
and taking a regular neighborhood, we break the cobordism apart into a piece from 
Yi to Yi^Q, and then from Yi^Q to I2, where here Q is the boundary of a tubular 
neighborhood of E. Since dH^{Yi^Q) C H'^{W) is trivial, the map F^^ factors through 
the map induced by the standard cobordism from Yi to Yi^Q. Thus, the result follows 
once we show that the map on HF°° vanishes for this cobordism. 

We can further break the cobordism from Yi to Yi^Q to cobordism from Yi to 
YI = Yi#2s(52 X ^1) followed by a single two-handle addition W, to give Y^ = Yi#g, 
along a null-homologous knot, with positive framing. The previous lemma applies to 
show that the induced map on HF°° is trivial, (indeed, for any possibly twisting) The 
result then follows from the composition law (Theorem 3.4). □ 

Definition 8.3. Fix a Spin'^ structure s over W . An admissible cut of a cobordism 

W is a three-manifold N C W which divides W into two pieces Wi and W2 with 
btiWi), bt{W2) > 0, and SH\N; Z) ^ m H^W, dW; Z). 

Example 8.4. Suppose that 6^(14^) > 1. Let H d W he an embedded surface with 
E • E > 0, and let Q denote the boundary of its tubular neighborhood. Then, both Yi^Q 
and Q4fY2 determine admissible cuts for W . 

Thanks to Lemma 8.2, the image of the map 

F-^^^l^^: //F-(yi,5|yJ HF-{N,B\N) 

lies in HF~^(N,s\N). Moreover (by the same lemma), the map 

F+^^^l^^: HF+{N,b\N) HF+{Y2,b\Y2). 
factors through the projection of HF~^{N,s\N) to HF^^{N,s\N). Thus, we can define 

F^^^^^: HF-{Y,,s\Y,) {H^{W-Z)lTom{W)) ^ HF+{Y2,5\Y2) 

to be the composite: 

7^"+ o r"^ o F^ 

where 

r: HF^t^{N,B\N) HF-^{N,s\N) 

is the natural isomorphism induced by the coboundary map for the exact sequence of 
Equation (2). 
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Theorem 8.5. Let W be a cobordism with > 1, and let N and N' be a pair of 

admissible cuts. Then the mixed invariants defined by these cuts coincide. 

In the proof of this result, we will make repeated use of the following: 

Lemma 8.6. If we have a pair of admissible cuts N, N' (Z W which are disjoint, then 
the invariants F^'^ff g and F^^ff, ^ agree. 

Proof. This follows from the following commutative diagram 
(13) 

HF+^{N,s\N) > HF+^{N',s\N') > HF+{Y2,5\Y2) 



Tl 



T2 



HF-{Y,,s\Y,) > HF-^{N,5\N) > HF-JN',5\N'), 

which in turn follows from the naturality of the long exact sequences of Theorem 3.1 
(see Remark 3.2). □ 

Proof of Theorem 8.5. We will repeatedly make use of the following trick: if Ci, C2 G 
H2{X]'Ij) are a pair of homology classes with ci ■ C2 = 0, then there are smoothly 
embedded representatives Ei and E2 which are disjoint. To find these, take any pair of 
smoothly embedded representatives Ei and Sq for ci and C2 respectively, chosen so that 
they meet transversally. Since Ci ■ C2 = 0, the intersection points between Si and Eg 
come in canceling pairs. E2 is obtained from Eq by surgering out the pairs of canceling 
intersection points, and attaching cylinders which are disjoint from Ei (we can find such 
cylinders in a small tubular neighborhood of Ei). 

Now, when 6^(Vr) > 3, we proceed as follows. Consider cuts N and N' which 
divide W into Wi Un W2 and Wi Ujv 1^2 respectively Let Ei C Wi and E2 G Wi 
be a pair of disjoint surfaces with positive square. Since bt{W) > 3, it follows that 
6j(VF — El — E2) > 1, so we can find another surface E3 e 1^ — Ei U E2 with positive 
square. Let Qi, Q2, and Q3 be the boundaries of the tubular neighborhoods. Then, 
by Lemma 8.6 Yi^Qi and Yi^Q2 give cuts calculating -F™]^g and -F™]^/ ^ respectively. 
Applying the lemma once more, we see that both of these invariants agree with the 
invariant calculated using the cut QzifY2- 

When &^(VF) = 2, we make use of the blowup formula, as follows. Fix cuts Qi and 
Q2 and corresponding surfaces Ei C Wi and E2 C W[ as above. Blowing up near I2, 
the blowup formula gives 

iTimix TTimix j irimix zrimix 

^ 2 

where 5 is the Spin'^ structure over VF#CP which agrees with s in a complement of 
CP , and whose first Chern class ci(s) evaluates as +1 on an exceptional sphere E inside 
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CP . We can assume that Ei • E2 > 0. In the family n([Ei] + [E2]) + kE, we can find a 
homology class w with 

w'^ > 

[Elf + ti;^-([Si]..i;f < 
[Eal' + w'- ([E2] -wj^ < 0. 

Let E3 be an embedded surface representing w. The above conditions ensure that 
b^{WifCF^ - El - E3) = 1, and 6^(Vr#CP^ - E2 - E3) = 1. Applying Lemma 8.6, 
it follows that the invariants of W^CF calculated using the cuts corresponding to Ei 
and E2 agree with that calculated using E3. Thus, the result follows. □ 

In view of Theorem 8.5, we will drop the cut for the notation of the mixed invariant. 

We also have the following result: 

Proposition 8.7. Let W be a cobordism from Yi to Y2 with > 1, and fix Spin'^ 

structures ti and t2 over Yi and Y2 respectively. Then, there are only finitely many Spin'^ 
structures over W for which F^'^^ is non-trivial. 

Proof. This follows from Theorem 3.3. Fix an admissible cut W = W^i#ArW^2- Since 
the kernel of the map from HF~{Y) to HF^{Y) (where we add up all Spin"^ structures) 
is HF~^{Y) = HF^^(Y), which is a finitely generated Z-module, we can find an integer 
d large enough that U'^HF-{N,t) injects into HF'^{N,t) for every Spin^ structure. 
Let ii,...,in be the generators for HF~{Yi,ti) as a Z,[U] module. According to the 
finiteness theorem, there is a finite subset 62 C Spin'^(iy2) with the property that for 
$2 & &2, the map F^r^ is non-trivial. Moreover, according to the same theorem, there 
is a finite subset &i C Spin'^(W^i) consisting of elements Si G ©1 for which there is some 
element with F^,^ sii^i) ^ U'''HF~{N,s\N). Of course, if s is any Spin*^ structure over 
W whose restriction to Wi is not in ©i, the composite 

HF-{Y,,s\Y,) i^^^ii^ HF-{N,s\N) > HF-^{N,s\N) 

is trivial, so that F^^^ is trivial. Thus, if F^^^ is non-trivial, its restrictions to l^i and 
W2 are constrained to lie in the finite sets ©1 and ©2 respectively. Since SH^{N] Z) = 0, 
the Spin'^ structure is uniquely determined by its restrictions to Wi and W2- □ 

8.1. Other cuts. When we drop the hypothesis that 6H^{N; Z) C H'^{W; Z) is trivial, 
then we can still get information about sums of mixed invariants. 
Now we have the following formula for a sum of invariants: 

Lemma 8.8. Suppose that W is separated by N into a pair of cobordisms Wi Ujv W2 
with > 0. Then, we can still form the composite 

O o F~ 
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where 

r: HF+^{N,s\N) HF-,{N,s\N) 
is the map as before. The composite can be expressed as a sum: 

o o F~ — F 



mix 
W,s- 



{seSpm'=(W)\s\Wi =si ,s\W2=S2 } 



Proof. Since > 0, the maps on HF°° induced by these cobordisms vanish, 

according to Lemma 8.2, we can find F^^ ^|^^ o o F^^ ^|^^. We find a further subdi- 
vision of Wi = Wq Uat/ W[ so that A^' is an admissible cut for W. This can be done by 
letting Wq be a neighborhood of an embedded surface in Wi with positive square, and 
W{ be its complement. The result then follows from the arguments from Commutative 
Diagram (13), together with the composition law. Theorem 3.4. □ 
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9. Closed four-manifold invariants 

Let X be a closed four-manifold with > 2. Then, by deleting a pair of disjoint 

balls from X, we can view it as a cobordism W from to S^. 
We can now define the absolute invariant of X to be the map 

^U] ® A*(iJi(X)/Tors) — >Z/±1 

given by $x,s(f^" ® C) is the coefficient of 0+ G HF~^{S^,s) in the expression F{^^^{U'^ ■ 
6_ ® C)) where 0_ e H F~ {S^ , So) resp. 0+ e HF~^{S^,So) is a generator whose degree 
is maximal resp. minimal. Of course, ^x,s is vanishes on those homogeneous elements 
whose degree is different from 

^^^^ ^ Cjsy - 2x{X) - SajX) _ 

Theorem 9.1. The map 

^xy. Z[C/] (g) A*(i/i(X)/Tors) ^ Z/ ± 1 

is a smooth, oriented four-manifold invariant. In particular, if f: Xi — > X2 is an 
orientation-preserving diffeomorphism, then 

^x,,n.){u'' ^ C) = ^x.AU'' ® /*(C))- 



Proof. This is an immediate consequence of Theorem 8.5. 



□ 
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10. Properties of the closed four-manifold invariant 

We now return to the closed four- manifold invariant introduced in Section 9. We 
first state principle which is obvious from the definition of the invariant, which implies 
Theorem 1.3. We then turn to the adjunction inequality stated in Theorem 1.5 

10.1. Vanishing theorems. 

Theorem 10.1. Let Y be a rational homology three-sphere and s e Spin'^(y) with 
HFrcdiYA) = 0. Suppose that X is a smooth, closed, oriented four-manifold which 
admits a decomposition X = Xi#yX2, with 62 (-^2) > 0. Then, for each s G 

Spin''(X) with s\Y = t, we have that $x,s = 0. 

Proof. The hypotheses guarantee that the cut along Y is admissible in the sense 
of Definition 8.3. In particular, the map _F™'^ which is used to define ^x,s (i-e. the 
mixed invariant associated to the cobordism obtained by puncturing X) factors through 
HF,.ed{Y, t) = 0, so it must vanish. □ 

Since HFj-^diS^) = 0, the above theorem gives Theorem 1.3. 

Observe that the blow-up formula for the cobordism invariants can be rephrased for 
the absolute invariant, as well. The following is a restatement of Theorem 1.4: 

Theorem 10.2. Let X be a closed, smooth, four-manifold with > 1, and let X = 

Xt^CP be its blowup. Then, for each Spin'^ structure s G Spin'^(X), with d{X,'s) > 
we have the relation 

where 5 is the Spin'^ structure over X which agrees over X — B'^ with the restriction of 
s, ^ G Z[U] ® A*(ifi(X)/Tors) is any element of degree d{X,s), and £ is calculated by 
{ci(s), [E]) — ±{2i -\- 1), where E G X is the exceptional sphere. 

Proof. Suppose that N is an allowable cut for X = Xijj^i^X2. Then, we can decompose 
^ 2 

X — Xi#jv^2#s'3CP , and still use N as the cut. The theorem then follows from the 
composition law for the cobordism X2#(CP — B^), together with the blowup formula 
for the maps of cobordisms (Theorem 3.7). □ 

10.2. Adjunction inequahties. We turn to a proof of Theorem 1.5. 

Proof of Theorem 1.5. As is standard practice, we can reduce to the case where 
E ■ S = with the help of the blowup-formula. 

Since we have assumed that b^^X) > 1, we can find an admissible cut N which is 
disjoint from E. Specifically, we can find another smoothly embedded surface T <Z X 
with positive self-intersection number, which is disjoint from E, and use its tubular 
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neighborhood as the admissible cut. Thus, letting W be complement in X of a pair of 
balls, we W = Wi U W2, where W2 contains the embedded surface E. Now, the map 

HF+{N,B\N) HF+{S') 

factors through HF~^{S^ x EjalS*"*^ x S), where we take S*"^ x E C X2 to be the tubular 
neighborhood of E. According to the adjunction inequality for the three-manifold 5*^ xE, 
this group is zero - forcing = - unless 

|(ci(5),[E])| <2^-2. 

□ 
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